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Abstract

We study risk-sensitive reinforcement learning (RL) based on an entropic risk
measure in episodic non-stationary Markov decision processes (MDPs). Both
the reward functions and the state transition kernels are unknown and allowed to
vary arbitrarily over time with a budget on their cumulative variations. When this
variation budget is known a prior, we propose two restart-based algorithms, namely
Restart-RSMB and Restart-RSQ, and establish their dynamic regrets. Based on
these results, we further present a meta-algorithm that does not require any prior
knowledge of the variation budget and can adaptively detect the non-stationarity on
the exponential value functions. A dynamic regret lower bound is then established
for non-stationary risk-sensitive RL to certify the near-optimality of the proposed
algorithms. Our results also show that the risk control and the handling of the
non-stationarity can be separately designed in the algorithm if the variation budget
is known a prior, while the non-stationary detection mechanism in the adaptive
algorithm depends on the risk parameter. This work offers the first non-asymptotic
theoretical analyses for the non-stationary risk-sensitive RL in the literature.

1 Introduction

Risk-sensitive RL considers problems in which the objective takes into account risks that arise during
the learning process, in contrast to the typical expected accumulated reward objective. Effective
management of the variability of the return in RL is essential in various applications in finance [32],
autonomous driving [24] and human behavior modeling [34].

While classical risk-sensitive RL assumes that an agent interacts with a time-invariant (stationary)
environment, both the reward functions and the transition kernels can be time-varying for many
risk-sensitive applications. For example, in finance [32], the federal reserve adjusts the interest rate
or the balance sheet in a non-stationary way and the market participants should adjust their trading
policies accordingly. In the medical treatments [30], the patient’s health condition and the sensitivity
of the patient’s internal body organs to the medicine vary over time. This non-stationarity should be
accounted for to minimize the risk of any potential side effects of the treatment.

Despite the importance and ubiquity of non-stationary risk-sensitive RL problems, the literature lacks
provably efficient algorithms and theoretical results. In this work, we study risk-sensitive RL with an
entropic risk measure [26] under episodic Markov decision processes with unknown and time-varying
reward functions and state transition kernels.

The challenge of non-stationary RL with an entropic risk measure lies mainly in the non-linearity of
the value function (see Equation (I})). Due to the non-stationarity of the model, any estimation error of
the expectation operator may be tremendously amplified in the value function when the risk parameter
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£ is small. Furthermore, the non-linearity of the objective function makes it difficult to obtain an
unbiased estimation of the value function, which is needed in the design of a non-stationary detection
mechanism in risk-neutral non-stationary RL [40]]. To address these difficulties, we first transform the
standard Bellman equations to the exponential Bellman equation (see Equation (3))) which associates
the instantaneous reward and value function of the next step in a multiplicative way [18]], rather than
in an additive way as in the risk-neutral non-stationary RL. However, this multiplicative feature of the
exponential Bellman equation will also involve the policy evaluation errors due to the non-stationary
drifting as multiplicative terms, which makes it difficult to gauge the bounds. To this end, we develop
a novel analysis to carefully quantify the effect of the non-stationarity in risk-sensitive RL. Our main
theoretical contributions, summarized in Table [T} are as follows

* When the variation budget is known a prior, we propose two provably efficient restart algorithms,
namely Restart-RSMB and Restart-RSQ, and establish their dynamic regrets.

* When the variation budget is unknown (parameter-free), we propose a meta-algorithm that adap-
tively detects the non-stationarity of the exponential value functions. The proposed adaptive
algorithms, namely Adaptive-RSMB and Adaptive-RSQ, can achieve the (almost) same dynamic
regret as the algorithms requiring the knowledge of the variation budget.

* We establish a lower bound result for non-stationary RL with entropic risk measure that certifies
the near-optimality of our upper bounds.

* Our results also show that the risk control and the handling of the non-stationarity can be separately
designed if the variation budget is known a prior, while the non-stationary detection mechanism in
the adaptive algorithms depends on the risk parameter.

Algorithm | D- Regret | Parameter-free | Model-free | Separation
Restart-RSMB | O ("|s]3 A TP M Bh) P X 7
Restart-RSQ 0] (e‘B‘H|S\ |Al3 3 H* M%B%) X v/ v/
Adaptive-RSMB | O (ele\S| AF 207 BY) v X P
Adaptive-RSQ | O (¢I7|S[3 | A HI M B3 ) v v X
2E{H 2 1
Lower bound Q( \ﬂ\ |8\ |A] M3B 3)

Table 1: We summarize the dynamic regrets and lower bound obtained in this paper. Here, (3 is the
risk parameter, H is the horizon of each episode, M is the total number of episodes, B is the total
variation measurement, and |S| and |.A4| are the cardinalities of the state and action spaces.

1.1 Related work

Non-stationary RL. Non-stationary RL has been mostly studied in the risk-neutral setting. When the
variation budget is known a prior, a common strategy for adapting to the non-stationarity is to follow
the forgetting principle, such as the restart strategy [31} 143} 141} [16], exponential decayed weights
[39], or sliding window [10, 42]. In this work, we focus on the restart method mainly due to its
advantage of the simplicity of the the memory efficiency [41] and generalize it to the risk-sensitive
RL setting. However, the prior knowledge of the variation budget is often unavailable in practice.
The work [[10] develop a Bandit-over-Reinforcement-Learning framework to relax this assumption,
but it leads to the suboptimal regret. To achieve a nearly-optimal regret, some adaptive algorithms
with a non-stationary detection are developed in [3, 9] for bandit problems and in [40] for general RL
problems. However, the above works only consider risk-neutral RL and may not apply to the more
general risk-sensitive RL problems.

Risk-sensitive RL. Many risk-sensitive objectives have been investigated in the literature and
applied to RL, such as the entropic risk measure, Markowitz mean-variance model, Value-at-Risk
(VaR), and Conditional Value at Risk (CVaR) [33} [11} [13} 28, 14, 38}, 137, [26]]. Our work is closely
related to the entropic risk measure. Following the seminal paper [26], this line of work includes
[4, 15,17, 16, 181 12} |15 214 [23) 125 13541221 136, |19} 120 [18]]. In particular, when transitions are unknown
and simulators of the environment are unavailable, the first non-asymptotic regret guarantees are
established under the tabular setting in [19] and the function approximation setting in [20]. Then,



a simple transformation of the risk-sensitive Bellman equations is proposed in [18]], which leads
to improved regret upper bounds. However, the above papers all assume that the environment is
stationary, and therefore their results may quickly collapse in a non-stationary environment.

2 Problem formulation
2.1 Episodic MDP and risk-sensitive objective

In this paper, we study risk-sensitive RL in non-stationary environments via episodic MDPs with
adversarial bandit-information reward feedback and unknown adversarial transition dynamics. At
each episode m, an episodic MDP is defined by the finite state space S, the finite action space
A, a collection of transition probability measure {P,T}hH:l specifying the transition probability
PiM(s" | s,a) from state s to the next state s” under action a € A, a collection of reward functions
{rim3 where 7" : S x A - [0,1], and H > 0 as the length of episodes. In this paper, we focus
on a bandit setting where the agent only observes the values of reward functions, i.e., 7" (s}, a}’
at the visited state-action pair (s}",ar’). We also assume that reward functions are deterministic
to streamline the presentation, while our analysis readily generalizes to the setting where reward
functions are random.

For simplicity, we assume the initial state s7* to be fixed as s; in different episodes. We use the
convention that the episode terminates when a state sy 1 at step H + 1 is reached, at which the agent
does not take any further action and receives no reward.

A policy 7™ = {m}"} neprr Of an agent is a sequence of functions 7" : § - A, where 7wt (s) is the

action that the agent takes in state s at step h at episode m. For each h € [ H] and m € [ M ], we define
the value function Vhﬂ’m : S - R of a policy 7 as the expected value of the cumulative rewards the
agent receives under a risk measure of exponential utility by executing 7 starting from an arbitrary
state at step h. Specifically, we have

H
Y (s) ;log{Ew,P’" [exp (5 Z;Lr;” (si,ai)) | sn = s]} (1)

where the expectation E, pm is taken over the random state-action sequence {(z}", a;”)}ih, the
action a” follows the policy 7" (- | #J*), and the next state z;,1 follows the transition dynam-
ics PI™ (| x*,a™). Here 8 # 0 is the risk parameter of the exponential utility: 5 > 0 corre-
sponds to a risk-seeking value function, 5 < 0 corresponds to a risk-averse value function, and as
f — 0 the agent tends to be risk-neutral and we recover the classical value function V;""™(s) =

Erpm [Zfil T (s, ai) | S0 = s] in standard RL.

We further define the action-value function Q" : S x A - R, for each h € [H] and m € [M ], which
gives the expected value of the risk measured by the exponential utility when the agent starts from an
arbitrary state-action pair and follows the policy 7 afterwards; that is,

H
i =Llog {exp (8- (s,a)) E [exp (6 S g <8t,at>) | 5h = 5,01 = ]}
i=h

1 H

=rp'(s,a) + = log{E [exp (ﬁ o (st,at)) | sp =s,ap = a]}
/B i=h+1

for all (s,a) € S x A. Under some mild regularity conditions [4], for each episode m, there always

exists an optimal policy, denoted as * ™", that yields the optimal value V" m (s) :=sup, V" (s)

for all (h, s) € [H] x S. For convenience, we denote V," m(s) as V"™ (s) when it is clear from
the context.

2.2 Exponential Bellman equation

For all (s,a,h,m) €S x Ax[H] x [ M], the Bellman equation associated with 7 is given by

(s, a) =yt (s, a) + %log {ESI,\,P;YL(.ls,a) [eﬁ'vﬂin(sl)]}, (2a)

Vi () = Qp " (s,m(s)), Vi (s) =0. (2b)



In Equation (2), it can be seen that the action value Q7" of step h is a non-linear function of the
value function V,",7" of the later step. Based on Equation (@), for h € [H] and m € [ M ], the Bellman
optimality equation is given by

*,m m 1 Vo (s
Cgh7 (87 a) =Tp (87 a) + E IOg {Es’~P]_:”(‘\s,a) [63 Vi ( )]} ’
Vi (s) = max Q" (sa). Viyli(s) =0,

It has been recently shown in [[18] that under the risk-sensitive measurement, it is easier to analyze a
simple transformation of the Bellman equation (by taking exponential on both sides of (2))), which is
called exponential Bellman equation: for every policy 7 and tuple (s, a, h,m), we have

SR (50) g, e@(r;{l(s,a>+VJ;I”(s’))] , 3)

|

When 7 = 7™, we obtain the corresponding optimality equation

P D B [eﬁ(ril”’(s,a>+vh+‘?(s ))] _ @)

Note that Equation (3) associates the current and future cumulative utilities (Q}™ and Vh”Jr’T) ina

multiplicative way, rather than in an additive way as in the standard Bellman equations (2).

2.3 Non-stationarity and variation budget

In this work, we focus on a non-stationary environment where the transition function P;”* and reward
functions ;" can vary over the episodes. We measure the non-stationarity of the MDP over an interval
7 in terms of its variation in the reward functions and transition kernels:

H H
. m+1 o +1
Brzi= 3, Y suplrii(s.a) =i (s,0)|, Bpz= 3 Y sup|[P(-|s,0) = Pi (| s,0)] -
meZ h=1 $:@ meZ h=1 $:@
Note that our definition of variation only imposes restrictions on the summation of non-stationarity
across different episodes, and does not put any restriction on the difference between two steps in the
same episode. We further let B,. := B, 1 a1, By = By (1,017, and B = B, + By, and assume B > 0.

2.4 Performance metrics

Since both the reward and the transition dynamics vary over the episodes and are revealed only after
a policy is decided, the agent aims to ensure the long-term optimality guarantee over some given
period of episodes M. Suppose that the agent executes policy 7™ in episode m. We now define the
dynamic regret as the difference between the total reward value of policy {w**m}ﬁil and that of the
agent’s policy m"* over M episodes:
M .
D-Regret(M) := ) (Vl*’m -V ’m) :

m=1

3 Restart algorithms with the knowledge of variation budget
3.1 Periodically restarted risk-sensitive model-based method

We first present the Periodically Restarted Risk-sensitive Model-based method (Restart-RSMB)
in Algorithm [I] It consists of two main stages: estimation of value function (line [7{I3) with the
periodical restart (line[5) and the policy execution (line[I3]).

To estimate the value function under the unknown non-stationarity, we take the optimistic value
evaluation to properly handle the exploration-exploitation trade-off and apply the restart strategy to
adapt to the unknown non-stationarity. In particular, we reset the visitation counters N;" (s, a, s") and
N;"(z,a) to zero every T episodes (line . Then, the reward and transition dynamics are estimated

using only the data from the episode " = ([%] - 1)W + 1 to the episode m by

N (s,a,8")+13

Pr(s'|s,a) = N s a)+/\‘5', forall (s,a,s')eSxAxS, (5a)
TG,

(s, a) = m ZT:}},L 1{(s,a) = (s},,a})}r} (s},,a}), forall (s,a) e S x A, (5b)



Algorithm 1 Periodically Restarted Risk-sensitive Model-based RL (Restart-RSMB)

1: Inputs: Time horizon M, restart period W;
2: form=1,...,M do
3:  Set the initial state 7" = 21 and /™ = ([%] -1HW +1,
4:  if m =/{™ then
5 Qr(s,a),Vi"(s) <« H-h+1if >0, Q% (s,a),Vi"(s) <« 0if 5 <0,
Nj™(s,a) < 0,N/"*(s,a,s") < O0forall (s,a,s",h) e Sx AxSx[H];
6: endif
7. for h=H,...,1do
8: for (s,a) e Sx.Ado
9 wit(s,a) = ¥y PI(s' | s,a) [eﬂ[fﬁ(s’“)”ﬁml(s,)]] where PJ", #™ are defined in (3);

: B(H-h+1) m m . .
mm{e wit(s,a) + T (s a)} if 3>0 .

10: am Th AT h AL " where T is de-

w(s,a) < {max {eBHD) (s a) - T (s,a)}, if B<0; h

fined in (6);

11: Vit (s) emaxafeAélongn (s,a");
12: end for
13:  end for
14: for h=1,2,...,H do
15: Take an action ay’ < argmax,. 4 % log{G}' (s7*,a")}, and observe rp, (s}, a;*) and s}, 3
16: NV (spt,apt) < N7 (sptoapt) + 15 NP (st at, siy) < Npt(spt,apt, iy, ) + 1
17:  end for
18: end for

which are used to compute the estimated cumulative rewards at step h (line [9). To encourage a
sufficient exploration in the uncertain environment, Algorithm [T|applies the counter-based Upper
Confidence Bound (UCB). Under the entropic risk measure, this bonus term takes the form

o)) ((eﬁ(H—IHl) _ 1) " 6[3(H—h+1)6) lSIlO%\EEKI{L‘)ﬂ‘fl/p)’ if 3> 0,
JSCE

(6)

H-h+1 |S|log(6W H|S||Al/p) ;
Cy (1= ePUT-h+1) _ g) NG if 8<0,
for some constant C; > 1. Bonus terms of the form (6) are called “doubly decaying bonus” since
they shrink deterministically and exponentially across the horizon steps due to the term e®(#~"+1)
apart from decreasing in the visit count. We refer the reader to [20] for more discussion.

3.2 Periodically restarted risk-sensitive Q-learning

Next, we introduce Periodically Restarted Risk-sensitive Q-learning (Restart-RSQ) in Algorithm 2}
which is model-free and inspired by RSQ2 in [18]]. Similar to Algorithm|[I] we use the optimistic
value evaluation to handle the exploration-exploitation trade-off and apply the restart strategy to adapt
to the unknown non-stationarity. In particular, we re-initialize the value functions Q3" (s, a), V" (s)
and reset the visitation counter N;"(x,a) to zero every W episodes (line l The algorithm then
updates the exponential Q) values using the Q-learning style update (line[TTHI2) for the state action

pair that just visited (line . The learning rate oy is defined as gj, which is motivated by [27]] and

ensures that only the last O(%) fraction of samples in each epoch is given non-negligible weights
when used to estimate the optimistic Q-values under the non-stationarity. Algorithm [2]also applies
the UCB by incorporating a “doubly decaying bonus” term that takes the form

T (s al) < G | _ 1] ¢ |S|1og<Mf|8||A|/6) o

for some constant Cy > 1.

3.3 Theoretical results and discussions

We now present our main theoretical results for Algorithms|[Tjand 2}



Algorithm 2 Periodically Restarted Risk-sensitive Q-learning (Restart-RSQ)

1: Inputs: Time horizon M, restart period W;

2: form=1,...,M do

3:  Set the initial state 7" = 21 and /™ = ([%] -1HW +1,

4:  if m =/{™ then

5 Q' (s,a),Vi"(s) « H-h+1if 3>0,Q7(s,a),V;"(s) <« 0if 8 <0, NJ*(s,a) < 0 for
all (s,a,h) e Sx Ax[H];

6:  endif

7. for h=1,2,...,H do

8: Take an action a} < argmaxg: 4 % log{G}" (s}*,a’)}, and observe 7" (sj*, a}*) and s}, 15

o: Ny (sh'sap') < Ny (sp'sapt) + 150 < Nyt (st ap);

10: Set oy = 21 and define I'}", (s, aj") as in (7);

1w (sPap) = (1-ay) - Gi(spaft) +aq - [P TR G (]

. Gr (s, ) « min{eB(H_h“), wit (s, apt) + ach”ft(le, ahm)} ,  ifB3>0;
: h \%h »Up max{eB(H—hu)’th(SZ@,aZ@)_atrmt(smazt)}’ if 8<0;

13: Vit (sp') < maxarea % log G} (si,a’);

14:  end for

15: end for

Theorem 3.1 For every 0 € (0, 1], with probability at least 1 - § there exists a universal constant
c1 > 0 (used in Algorithm such that the dynamic regret ofAlgorithmwith W=MiB3 |S] 3 |A|%
is bounded by

D-Regret(M) <0 (l|S[5|A|s HM 5 B

Theorem 3.2 For every § € (0, 1], with probability at least 1 —§ there exists a universal constant co >
0 (used in Algorithm such that the dynamic regret ofAlgorithm@with W =M3H 3B 3|S|3| A
is bounded by

D-Regret(M) <O (/17 |S[3|A] HE M5 BY).

The proofs of the two theorems are provided in Appendices[B]and|[C] respectively. Note that the above
results generalize those in the literature of risk-neutral non-stationary RL. In particular, when 5 — 0,
we recover the regret bounds with the same dependence on M and B for the restart model-based RL
[L7] and restart Q-learning [31]].

4 Adaptive algorithm without the knowledge of variation budget

In Theorems and , we need to set the restart period to W = O(B‘%M 3 ), which clearly
requires the variation budget B in advance. To overcome this limitation, we propose a meta-algorithm
that adaptively detects the non-stationarity without the knowledge of B, while still achieving the
similar dynamic regret as in Theorems [3.1) and [3.2] In particular, we generalize the black-box
approach [40] to the risk-sensitive RL setting and design a non-stationarity detection based on the
exponential Bellman equations (3).

4.1 Risk-sensitive non-stationary detection

We first sketch the high-level idea of the black-box reduction approach for risk-sensitive non-stationary
RL with 8 > 0. Note that the dynamic regret can be bounded and decomposed as follows:

L& avem gy L <A (Lpvr purtm
D—Regret(M)SBZ(e 1 -’ )+BZ(€ 1 - ) 8)

m=1 m=1

R1 R2

where V™ is an UCB-based optimistic estimator of the value function as constructed in Algorithms
and 2] In a stationary environment with 3 > 0, the base algorithms, such as Algorithms [I]and 2]



Algorithm 3 Risk-sensitive MALG with Stationary Tests and Restarts (Adaptive-ALG)

1: Inputs: ALG and its associated p(-), 7t = logy M + 1, p(m) = 61 log(%)p(m);
2: forn=0,1,...,do
3 Set m,, < m and run MALG-Initialization (Algorithm E]) for the block [my,, m, +2" —1];
4:  while m <m,, +2" do
5: Identify the unique active instance covering the episode m and denote it as alg;
6 Construct the optimistic estimator g,, for the active instance alg;
7 Follow alg’s decision 7,,, receive estimated value R,,, = e Zho "', and update alg;
8: Set Um _ minq—e[mn,m] 9r, lfﬁ > 07
maXre[m,,,m] 97s lfﬂ <0;

9: Perform Testl and Test2; Increment ¢ < ¢ + 1;
10: If either test returns fail, then restart from Line
11:  end while
12: end for

13: Testl: Return fail if m = alg.e for some order-k alg and
o DU Ry - Up29p(28), if 8> 0,
Up— 5 289 R, > 9p(2k), if 8 < 0;

T=alg.s

m— mn+1 ZT mn('gT R )>3p(m mn+1) lfﬁ>0

14: Test2: R 1 if
est eturnfalll{ (R, - g,) 23p(m—-m, +1),if <0,

m-— mn+1 ZT Mnp

without the restart mechanism (that is, W = M), ensure that R1 is simply non-positive and R2 is

bounded by (5(M 2 ). However, in a non-stationary environment, both terms can be substantially
larger. Thus, if we can detect the event that either of the two terms is abnormally larger than the
promised bound for a stationary environment, we learn that the environment has changed substantially

and should restart the base algorithm. This detection can be easily performed for R2 since both e v
and V7 " are observable but not for R1 since V""" is unknown. To address this issue, we fully
utilize the fact that V1" is a UCB-based optimistic estimator to facilitate non-stationary detection.

PV
Un
| Learner’s average performance in new ALG
U Learner’s average performance in new ALG
m
BV
m m
new instance of ALG new instance of ALG
(@ B> 0. (b) B <0.

Figure 1: An illustration of the risk-sensitive non-stationarity detection.

We illustrate the idea of non-stationary detection for risk-sensitive RL in Figure[I] Here, the value of
V"™ drastically increases which results to an increase in PV for > 0 and an decrease in e’ i
for # < 0. If we start running another instance of base algorithm after this environment change, then
its performance will gradually approach due to its regret guarantee in a stationary environment. Since
the optimistic estimators should always be an upper bound of the learner’s average performance
in a stationary environment for 5 > 0 or a lower bound of the learner’s average performance in a
stationary environment for 3 < 0, if, at some point, we find that the new instance of the base algorithm
significantly outperformances/underperformances (depending on the value of (3) this quantity, we can
infer that the environment has changed.

l ” BVﬂm m ) M gy H pmo , . .
More precisely, .,,_; € can be estimated from }_,,_; e” “h=1"% using the Azuma’s inequality.



4.2 Multi-scale ALG (MALG) and Non-stationarity Tests

To detect the non-stationarity at different scales, we schedule and run instances of the base algorithm
ALG in arandomized and multi-scale manner. In particular, Adaptive-ALG runs MALG in a sequence
of blocks with doubling lengths. Within each block, Adaptive-ALG first initializes a MALG schedule
(Algorithm [ in Appendix [D.T)), and then interacts the unique active instance at each episode with
the environment (lines in Algorithm 3)). At the end of each episode, Adaptive-ALG performs
two non-stationarity tests (line[I0]in Algorithm 3], and if either of them returns fail, the restart is
triggered. We now describe these three parts in detail below.

MALG-initialization. MALG is run for an interval of length 2™ (unless it is terminated by the non-
stationarity detection), which is called a block. During the initialization, MALG partions the block
equally into 2% sub-intervals of length 2 for k = 0,1, ..., n, and an instance of based algorithm

(denoted by ALG) is scheduled for each of these sub-intervals with probability Z g:;, where p is a

non-increasing function associated with the bound on R2 for ALG in a stationary environment (see
Appendix . We refer to these instances of length 2* as order-% instances.

MALG-interaction. After the initialization, MALG starts interacting with the environment as
follows. In each episode m, the unique instance alg that covers this episode with the shortest length
is considered as active, while all others are regarded as inactive. MALG follows the decision of the
active instance alg and updates it after receiving the feedback from the environment. All inactive
instances do not make any decisions or updates, that is, they are paused but may be resumed at some
future episode. We refer the read to Appendix [D.2]for an illustrative example for MALG procedure.

Non-stationarity detection For /5 > 0, two non-stationarity tests are performed for the two terms in
the decomposition (§). In particular, Testl prevents R1 from growing too large by testing if there is

some order—k instance’s interval during which the learner’s average performance 2% Zilzga'fg_s R is
larger than the promised optimistic estimator Uy, = min [, ,m] g- (for a stationary environment)
by a certain amount. On the other hand, Test2 prevents R2 from growing too large by directly testing

if its average is large than the promised regret bound. The two non-stationarity tests for 5 < 0 are
similar but with 2% Zil:ga' leg's R, and U,,, exchanged in TEST1, as well as with g, and R, exchanged
in TEST2.

4.3 Theoretical results and discussions

For simplicity, we denote the revised Algorithms [T) and 2] without the restart mechanism (that is,
W = M) as RSMB and RSQ, respectively. We now present our main theoretical result for Algorithm
[3|when the base algorithms are RSMB and RSQ, respectively.

Theorem 4.1 For every 6 € (0, 1], with probability at least 1 - 0 it holds for Algorithmthat

o) (e\ﬂ|H|g|% |A\%H2M%B%) . ifALG is RSMB,

D-Regret(M) <4
gret(M) {c’) (|SI3 1A HEMEBY) . iFALG is RSQ.
The above results show that the dynamic regret bound of the adaptive Algorithm [3| (almost) matches

that of the restart Algorithms|[I}[2]that require the knowledge of the variation budget. The proof of
Theorem .| relies on the results in Theorems [3.1}2] and is provided in Appendix

5 Lower bound

‘We now present a lower bound on the dynamic regret.

Theorem 5.1 For sufficiently large M, there exists an instance of non-stationary MDP with H
horizons, state space S, action space A and variation budget B such that

LA
637_|5|%|A|%M%B% ,

|8l
Theorem [5.1] shows that the exponential dependence on |3| and H in Theorems and
is essentially indispensable and that the results in Theorems [3.1} [3.2] and [4.1] are nearly optimal

in their dependence on |A|, M and B. When 8 — 0, we recover the existing lower bound for the
non-stationary risk-neutral episodic MDP problems. The proof is given in Appendix [D.4]

D-Regret(M) > (

8



6 Risk Control Under the Non-stationarity

Risk control in non-stationary RL is more challenging since the rewards and dynamics are time-
varying and unknown. In this section, we discuss some key ideas behind our methods and proofs.

Normalized dynamics estimation in model-based algorithm. In model-based algorithms for non-
stationary risk-neutral RL, the un-normalized dynamics estimation [17, 16] is sufficient for achieving
a near-optimal regret because the effect of the model estimation error due to the “unnormalization”
on the dynamic regret is little. However, it is critical to use the normalized dynamics estimation (5a))
in Algorithm|[I] This is because that a small model estimation error due to the “unnormalization” may
be amplified when 3 — 0.

Multiplicative feature of the exponential Bellman equation. The multiplicative feature of the
exponential Bellman equation will involve the policy evaluation error as multiplicative terms. These
terms are easy to bound in a stationary environment in light of the optimistic estimator of the
exponential value function. However, due to the non-stationary drifting of the environment, the
estimator V," may no longer be an optimistic estimator and a more careful analysis is needed.

Non-stationarity detection on the exponential value functions. Different from non-stationarity
detection for risk-neutral RL [40], we design non-stationarity detection mechanism for the exponential
value functions (3)) instead of the value functions (I)) in Algorithm[3] This is because the non-linearity
of the risk-sensitive value function makes it difficult to obtain its unbiased estimation, which is needed
in the design of non-stationary detection mechanism.

Separation design of the risk-control and the non-stationarity. When the variation budget is known,
the risk-control and the handling of the non-stationarity can be separately designed in the algorithm,
that is, the restart frequency in Algorithms [T]and [2]does not depend on the risk parameter /3 and only
depends on the non-stationarity of the environment B. If we know the environment’s variation budget
in advance, then we can schedule the restart frequency ahead no matter the risk-sensitivity. On the
other hand, without such knowledge of the variation budget, the adaptive non-stationary detection
needs to take into account the risk parameter 3 because the promised regret bound, the optimistic
estimator, and the unbiased sample of the exponential value functions all depend on f.

7 Conclusion and future work

In this paper, we provide strong theoretical analyses for the non-stationary risk-sensitive RL problem,
which is motivated by various risk-sensitive applications. We propose two restart-based algorithms
that require the knowledge of the variation budget, as well as a black-box approach to turn a certain
risk-sensitive RL algorithm in a (near-)stationary environment into another algorithm in a non-
stationary environment without requiring the knowledge of the variation budge. The dynamic regret
bounds of these algorithms are obtained and a lower bound is established to verify the near-optimality
of the proposed upper bounds. Our results also reveal the condition under which the risk control and
the handling of the non-stationarity can be separately designed in the algorithm.

One important future direction lies in extending our results to other notions of risk, such as the
general coherent risk measures [2]. Furthermore, it is useful to study how to adjust the risk sensitivity
parameter adaptively in a non-stationary environment.

Acknowledgement

We thank Kaiqing Zhang for the fruitful discussions.

References

[1] Yasin Abbasi-Yadkori, Ddvid Pal, and Csaba Szepesvari. Improved algorithms for linear
stochastic bandits. Advances in neural information processing systems, 24:2312-2320, 2011.

[2] Philippe Artzner, Freddy Delbaen, Jean-Marc Eber, and David Heath. Coherent measures of
risk. Mathematical finance, 9(3):203-228, 1999.

[3] Peter Auer, Pratik Gajane, and Ronald Ortner. Adaptively tracking the best bandit arm with an
unknown number of distribution changes. In Conference on Learning Theory, pages 138—158.
PMLR, 2019.



[4] Nicole Béuerle and Ulrich Rieder. More risk-sensitive markov decision processes. Mathematics
of Operations Research, 39(1):105-120, 2014.

[5] Vivek S Borkar. A sensitivity formula for risk-sensitive cost and the actor—critic algorithm.
Systems & Control Letters, 44(5):339-346, 2001.

[6] Vivek S Borkar. Q-learning for risk-sensitive control. Mathematics of operations research,
27(2):294-311, 2002.

[7] Vivek S Borkar and Sean P Meyn. Risk-sensitive optimal control for markov decision processes
with monotone cost. Mathematics of Operations Research, 27(1):192-209, 2002.

[8] Rolando Cavazos-Cadena and Emmanuel Fernandez-Gaucherand. The vanishing discount
approach in markov chains with risk-sensitive criteria. I[EEE Transactions on Automatic Control,
45(10):1800-1816, 2000.

[9] Yifang Chen, Chung-Wei Lee, Haipeng Luo, and Chen-Yu Wei. A new algorithm for non-
stationary contextual bandits: Efficient, optimal and parameter-free. In Conference on Learning
Theory, pages 696—726. PMLR, 2019.

[10] Wang Chi Cheung, David Simchi-Levi, and Ruihao Zhu. Reinforcement learning for non-
stationary Markov decision processes: The blessing of (more) optimism. In International
Conference on Machine Learning, pages 1843—-1854. PMLR, 2020.

[11] Yinlam Chow and Mohammad Ghavamzadeh. Algorithms for CVaR optimization in mdps.
Advances in neural information processing systems, 27, 2014.

[12] Stefano P Coraluppi and Steven I Marcus. Risk-sensitive and minimax control of discrete-time,
finite-state markov decision processes. Automatica, 35(2):301-309, 1999.

[13] Erick Delage and Shie Mannor. Percentile optimization for markov decision processes with
parameter uncertainty. Operations research, 58(1):203-213, 2010.

[14] Dotan Di Castro, Aviv Tamar, and Shie Mannor. Policy gradients with variance related risk
criteria. arXiv preprint arXiv:1206.6404, 2012.

[15] Giovanni B Di Masi and Lukasz Stettner. Risk-sensitive control of discrete-time markov
processes with infinite horizon. SIAM Journal on Control and Optimization, 38(1):61-78, 1999.

[16] Yuhao Ding and Javad Lavaei. Provably efficient primal-dual reinforcement learning for CMDPs
with non-stationary objectives and constraints. arXiv preprint arXiv:2201.11965, 2022.

[17] Omar Darwiche Domingues, Pierre Ménard, Matteo Pirotta, Emilie Kaufmann, and Michal
Valko. A kernel-based approach to non-stationary reinforcement learning in metric spaces. In
International Conference on Artificial Intelligence and Statistics, pages 3538-3546. PMLR,
2021.

[18] Yingjie Fei, Zhuoran Yang, Yudong Chen, and Zhaoran Wang. Exponential Bellman equation
and improved regret bounds for risk-sensitive reinforcement learning. Advances in Neural
Information Processing Systems, 34, 2021.

[19] Yingjie Fei, Zhuoran Yang, Yudong Chen, Zhaoran Wang, and Qiaomin Xie. Risk-
sensitive reinforcement learning: Near-optimal risk-sample tradeoff in regret. arXiv preprint
arXiv:2006.13827, 2020.

[20] Yingjie Fei, Zhuoran Yang, and Zhaoran Wang. Risk-sensitive reinforcement learning with
function approximation: A debiasing approach. In International Conference on Machine
Learning, pages 3198-3207. PMLR, 2021.

[21] Emmanuel Fernandez-Gaucherand and Steven I Marcus. Risk-sensitive optimal control of hid-
den markov models: Structural results. IEEE Transactions on Automatic Control, 42(10):1418—
1422, 1997.

[22] Wendell H Fleming and William M McEneaney. Risk sensitive optimal control and differential
games. In Stochastic theory and adaptive control, pages 185-197. Springer, 1992.

10



[23] Wendell H Fleming and William M McEneaney. Risk-sensitive control on an infinite time
horizon. SIAM Journal on Control and Optimization, 33(6):1881-1915, 1995.

[24] Javier Garcia and Fernando Fernandez. A comprehensive survey on safe reinforcement learning.
Journal of Machine Learning Research, 16(1):1437-1480, 2015.

[25] Daniel Herndndez-Herndndez and Steven I Marcus. Risk sensitive control of Markov processes
in countable state space. Systems & control letters, 29(3):147-155, 1996.

[26] Ronald A Howard and James E Matheson. Risk-sensitive markov decision processes. Manage-
ment science, 18(7):356-369, 1972.

[27] Chi Jin, Zeyuan Allen-Zhu, Sebastien Bubeck, and Michael I Jordan. Is g-learning provably
efficient? Advances in neural information processing systems, 31, 2018.

[28] Prashanth La and Mohammad Ghavamzadeh. Actor-critic algorithms for risk-sensitive mdps.
Advances in neural information processing systems, 26, 2013.

[29] Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

[30] Chiara Dalla Man, Francesco Micheletto, Dayu Lv, Marc Breton, Boris Kovatchev, and Claudio
Cobelli. The UVA/PADOVA type 1 diabetes simulator: new features. Journal of diabetes
science and technology, 8(1):26-34, 2014.

[31] Weichao Mao, Kaiqing Zhang, Ruihao Zhu, David Simchi-Levi, and Tamer Bagar. Model-free
non-stationary RL: Near-optimal regret and applications in multi-agent rl and inventory control.
arXiv preprint arXiv:2010.03161, 2020.

[32] Harry M Markowitz. Portfolio selection. In Portfolio selection. Yale university press, 1968.

[33] John Moody and Matthew Saffell. Learning to trade via direct reinforcement. IEEE transactions
on neural Networks, 12(4):875-889, 2001.

[34] Yael Niv, Jeffrey A Edlund, Peter Dayan, and John P O’Doherty. Neural prediction errors reveal
a risk-sensitive reinforcement-learning process in the human brain. Journal of Neuroscience,
32(2):551-562, 2012.

[35] Takayuki Osogami. Robustness and risk-sensitivity in markov decision processes. Advances in
Neural Information Processing Systems, 25, 2012.

[36] Yun Shen, Wilhelm Stannat, and Klaus Obermayer. Risk-sensitive markov control processes.
SIAM Journal on Control and Optimization, 51(5):3652-3672, 2013.

[37] Aviv Tamar, Yinlam Chow, Mohammad Ghavamzadeh, and Shie Mannor. Policy gradient for
coherent risk measures. Advances in neural information processing systems, 28, 2015.

[38] Aviv Tamar, Yonatan Glassner, and Shie Mannor. Optimizing the CVaR via sampling. In
Twenty-Ninth AAAI Conference on Artificial Intelligence, 2015.

[39] Ahmed Touati and Pascal Vincent. Efficient learning in non-stationary linear Markov decision
processes. arXiv preprint arXiv:2010.12870, 2020.

[40] Chen-Yu Wei and Haipeng Luo. Non-stationary reinforcement learning without prior knowledge:
An optimal black-box approach. In Conference on Learning Theory, pages 4300—4354. PMLR,
2021.

[41] Peng Zhao, Lijun Zhang, Yuan Jiang, and Zhi-Hua Zhou. A simple approach for non-stationary
linear bandits. In International Conference on Artificial Intelligence and Statistics, pages
746-755. PMLR, 2020.

[42] Han Zhong, Zhuoran Yang, and Zhaoran Wang Csaba Szepesvari. Optimistic policy optimization
is provably efficient in non-stationary MDPs. arXiv preprint arXiv:2110.08984, 2021.

[43] Huozhi Zhou, Jinglin Chen, Lav R Varshney, and Ashish Jagmohan. Nonstationary reinforce-
ment learning with linear function approximation. arXiv preprint arXiv:2010.04244, 2020.

11



A Notations

For a positive integer n, let [n] := {1,2,...,n}. Given a variable z, the notation a = O(b(x))
means that a < C - b(z) for some constant C' > 0 that is independent of z. Similarly, a = O(b(z))
indicates that the previous inequality may also depend on the function log(x), where C' > 0 is again
independent of z. In addition, the notation a = 2(b(x)) means that @ > C' - b(x) for some constant
C > 0 that is independent of x.

B Proof of Theorem 3.1

B.1 Preliminaries

First, we set some notations and definitions. Define ¢ := log(6 H|S||.A|W [p) for a given p € (0, 1].

We adopt the shorthand notations 1}*(s,a) = 1{(s*,a}") = (s,a)} and r}* = 7, (s}, ap") for

(m,h) € [M] x [H]. The epoch is defined as an interval that starts at the first episode after a restart

and ends at the first time when the restart is triggered. In Algorithm|[T] the restart mechanism divides
M

M episodes into [W] epochs.

For every (m,h) € [M] x [H], and (s,a,s") € S x A x S, we define two visitation counters
N (s,a,s") and N;*(z,a) at step h in episode m as follows:

m-1

N;Ln (57a75/) = Z 1{(8,&,5’) = (s;aa;vs;—wl)}a
T=fm

m-1 ®a)
Ny'(s,a) = ), 1{(s,a) = (s},a3)}-

T=4™m

This allows us to estimate the transition kernel P;"* and reward function r™ for episode m using only
the data from the episode ™ = ([%] —1)W + 1 to the episode m by

N,’l"(s,a,s')ﬂ?’\‘
N (s,a)+A

ﬂLn(&a) = W Z:-n:_Z}n 1 {(S’a’) = (S;-wa;;)}r;; (S;;Ja’;;,)’ for all (s,a) €S x A7 (IOb)

Pr(s'|s,a) = , forall (s,a,s')eSxAxS (10a)

where A > 0 is the regularization parameter. We denote by V,"*, G7*,I'}" the values of V3, G, I'y,
after the updates in step h of episode m, respectively. We also set Q" = % log{G}"}.

Let us fix a pair (s,a) € S x A. Recall from Algorithm [1] that

wZL(S7a) _ Zﬁ;Ln(S/ | s,a) [eﬁ[fz"(s,a)+vﬂl(s')]:| )

We define
m wi(s,a) + 7 (s,a), if5>0
Ay (s.a) = { RGO TR0,
; wp'(s,a) - (s,a), ifS<0
m(s.a) min {qhm’f(s,a),eﬁ(H’h“)} , ifs>0
s,a) = '
4p,1 max{qzz,;(&a)’eﬁ(H—}wl)}, if3<0
and

q;{k(sy a) = ES’~'P}’L”(-\5,¢1) [65[7"}7«0"(87a)+v}m1(s’)]] , (11
as well as the following for a policy T,

a5 (5,) = Egropp(fs,ay [1F 000 Vi (] (12
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B.2 Model prediction errors

Lemma B.1 Define Vi,iq = {Vis1: S > R| Vs €S, Viu1(s) € [0, H - h]}. Foranyp e (0,1], with
probability 1 — p/2, we have

Y (P (s | s,) PR VO] i (51| s,a)eﬁ[T;:L(s’“)*V(S')])’

s’'eS
<Oy + [P 1| Bp ¢

for every (s,a,m,h) € S x Ax [M]x[H] and V € V.1, where T is defined in (6).

Proof. For the ease of notation, we denote Y.sP(s'|s,a)e? [P (s:0)+V(s))]  qq

(’PmeB i +V] )(s a). Then, for every V € V.1, we consider the difference between

m

Yees P (5] -) Al s+ V()] and ¥ s P(s"] -, ) Bl 5+ V ()] g5 follows:

(N3 (s,a) + A)

Z (7’5}:@ (S, | s, CL) eﬁ[r?(s,a)-%—\?’(s')] _ ,PZLn (S, | s, a) eﬂ[r?(s,aﬁV(s')])‘ (13)

s'eS
Sgs(zvh (s, + |)e it s VDT - (Nj (s, ) + A) (Pire?l V) (5,0)
< Z;SN;” (s,0,5") U VD - Npe (5, a) (Pl VD) (5,a)
“ |5| Zs Al .y V()] _ pm oSV (5. 0
- mze 1{(5.0) = (s af)} (1R CRADT (L] (pprefloi 7)) (5,0))
7= gr
|5| Sze;se [ri(s,@)+V (s")] _ P’Teﬂ[r;:u\’/](&a)
_ "_L; 1{(s0) = (5, af)} ¥ F OTAD) (57 6R0) - (PPed¥) (5,0))
|S| Szé;ge [ril' () V()] _pmeBlrit+V]( 5 q)
. ’”Zl 1{(s,a) = (shaf)} € G0 (A7 () — (Pref) (s,a) (14)
+ mze 1{(s,a) = (s}, ap)} €” ¥ o) ((PreV) (s,0) = (Pire” ) (5,0)) (15)
=ty
A ‘|S| SZ:S A V()] - pm b+ V(5 0 16)

for every (m,h) e [M] x [H] and (s,a) € S x A.

To analyze the term in (T4), we let ] := Bl (sh-ai)+V (sha)] - (Pgeﬂ["zh’v]) (s},,a}). Condi-
tioning on the filtration F}", the term 7, is a zero-mean and ePUH-h+1) _ 1|-sub—Gaussian random
variable. By Lemma weuse Y = Al and X, = 1{(s,a) = (s}, a},)} and thus with probability at
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least 1 — 4 it holds for every m € [M] that

m—1 me T T 7 T m Y
Y 1{(s,a) = (s, ap)} (70 Cheid VIehon) - (pr etV (57 ap))

T=€5‘

(N (s,a) + \) '/

<
2 )

(eﬁ(Hchrl) _ 1)2 (W)
A | R
S\/ 2 og 5

where W is the restart period.

For the term in (T3)), by the definition of Bp ¢ and N}, we have

(eB(H-h+1) _1)2 | ((N[L"(s, a) + )\)1/2 )\1/2)
0g

m-1

> 1{(s,a) = (7, ap)} (PR’ 1) (5,0) - (Pt (5,0))

T:€m

5 (G0 = (50 (P (20772 1)) (s1) - (P (2057702 1)) (s,0)

E m

m-1

> (.0 = 6FaD)

<(Ni*(s,a) + ) |e’8(H_h+1) - 1| Bpeg.

|6B(H—h+1) ~1|Bpe

IA

where the first equality is due to P;*1 = P/ 1 for all 7 € [{",m — 1]. For the term in (T6), we have

LS AR V()] - pmesli V] (5, q)

)\‘|S| ) S [Pl oV (] - el V(s )

|S| s'eS
AR 1

By returning to (I3) and setting \ = 1, with probability at least 1 — ¢ it holds that

> (Ph (s'| s,a) Pl V(D] i (5| s,a)eﬁ[rﬁ(s’a)w(S')])‘

s’'eS

< (N} (s,a) + )\)7% | PR+ _q] % (log(g)) +[ePHA) | Bp g + [ePHD 1

<Cy (N;L”(s,a) n )\)—% |e[3(H—h+1) _ 1| (log (%)) + |65(H—h+1) _ 1| Bpg

for all m € [ M] and for some constant Cy > 1.
Furthermore, let d (V, V') = max;es |V (s) — V'(s)| be a distance on V},1 . For every e, an e-covering

s
Vs ., of V11 with respect to distance d(-, -) satisfies [V5 , | < (%)l 3 Then, for every V € Vj,1, there
exists V' € V5| such that maxes [V (s) — V'(s)| < €, which further implies that

[3[1“;:1(5@)4—\/(5')] _ eﬁ[rgl(s’a)*'vl(s’)]‘ Sgh(ﬁ)e’

max (e
s,a,s’

where

_[ePUHERD i B> 0,
gn(B) = {_5’ if5<0 (17)
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Thus, by the triangle inequality and (T3)), we have

> (P (s' | s,0) P1F GOV _ppe (8'|s,a)eﬁ[rms’“)*‘/(S')])‘
s'eS

Z (zpm s | s a) Blri(s,a)+V'(s")] _ ,P;Ln (S, | S,a) 65[7';:’f(s,a)+V'(s’)]) + Qgh(ﬁ)ﬁe
s'eS

) W
<Oy (N} (5,0) + \) ™2 [ePUI-R+D) _q] log( ) +[ePHD 1| By ¢ + 20, (B)e.

=1 \}W and taking a union bound over V € V; ;
and (s,a,h) € S x A x [H], it holds with probability at least 1 — p/2 that

v { S (P (' 5,0) PR CVEN _ppr (7| 5,0) eﬁ[rmsﬁa»wsfﬂ)‘}
VGVh+1 s’eS

c | H
<Cy (NI"(s,a) + )\)—1/2 |e[3(H—h+1) B 1| \ (1og(6W|Vh+1| |S]|A] )) + |6B(H—h+1) B 1| Bp.e

p
+ 29}1(6)6

- H
<Cy (N](s,a) + \) 1/2 |65(H—h+1) _ 1| \ |S| (log ((Wp|8||"4|)) + |e[3(H‘h+1) - 1| Bp ¢

+gn(B)W /2

- N 6WH|S||A B
<(Cy]ePHD 1]+ g (B)) (NJ™(s,a) + A)” 1/24 |S| (log(p||||)) +[ePH+D) 1| Bp ¢

_ H
<Oy (|ePHD — 1]+ g,(B)) (N7 (s,a) + ) 1/2\J S| (1og(6W 151 |A|))+|e’8(H_h+1)—1|B'P,£
D

for every (s,a,m,h) € S x Ax [M] x [H]. By our choice of I'}", with probability at least 1 — p/2 it
holds that

Z (»fj};n (Sl | s, a) e,ﬁ[r;"(s,a)+\7(s')] _ rPZLn (8, ‘ s, Cl) eﬂ[r;"’(s,a)+\/(s')])‘
s'eS

STy 4| | By ¢
for every (s,a,m,h) e S x Ax [M]x[H]. ]
Lemma B.2 For every (s,a,m,h) € S x Ax [M]x[H] and V € Vj,1, we have

> (Ph s' | s,a) Pl V()] _Bm (o | S7a)65[TZ"(s,a)+\7(s’)])
s’eS

where gy, (3) is defined in (T7).

< Fhm + gh(ﬁ)Br,E

Proof. Since

1657 _ PY] BePz —yl, ifB>0,
| -Blz -y, if3<0

for every 0 < z < wand 0 < y < u where v > 0 is some constant, it holds that

> (P (s 5,0) PUF GOV B (| 5,0) eﬂ[*(s’“)”(s"])’
s'eS

<gn(B) 74" (s,a) =y’ (s, ). (18)
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Furthermore, by our estimation 7}*(z, a), we have

73 (2, a) =y (, a)

=[Py (2, a) =y’ (2, a)|

m-1

=(np(w,a) + N) | Y H{(w,a) = (af,a)} (rh (a7, af) = il (z,a)) = Arf) (2, )

T=4™m
<Byg+ (n(z,a) +A) " [Ny (z, )]
<B,g+ (' (z,a) +X) "' A
<Bpg+(n(z,a) + \) A

By substituting the above inequality into (T8)) and setting A = 1, we obtain the desired results. i

Lemma B.3 For every p € (0, 1], with probability 1 — p/2, we have

> (P (s | s,0) PLH VO P (| 5,0) eﬁ[’“’i‘“’“”v(s'”)’
s'eS

SQFZL + |6[3(H_h+1) - 1| Bp7g + gh(/B)Br,E
where gy, () is defined in (T7)), for every (s,a,m,h) € S x Ax [M] x [H] and V € V1.

Proof. The proof follows from Lemma [B.T| Lemma [B.2]and Cauchy-Schwartz inequality. ]

B.3 Value difference bounds

Lemma B.4 Recall the definition of T'y" from Algorithml[l} For all (m,h,s,a) € [M]x[H] xS x A,
the following statement holds with probability at least 1 — p/2:

e If3>0:
- |e[3(H‘h+1) -1 Bp.e - gu(B)Bre < (a1 - ai2) (s,a)
AT + |eﬂ(H_h+1) - 1| Bp e+ gn(B)Bre.
 If3<0:
- ‘eﬂ(H*h”) - 1| Bp e~ gn(B)Bre < (QITQ - qul) (s,a)

AT +|ePH4) _ 1| Bp ¢ + g4 (8)Bye.

(Note that gp, () is defined in (T7)).

Proof. We focus on the case of 5 > 0 since the proof for 8 < 0 is similar. We first fix a tuple
(m,h,s,a) € [M]x[H] xS x A. By the definitions of ¢,";" and ¢}",, one can compute

(g =207 =ity ) (s, )
=[(wh' - di) (s, 0)]

D (7’5}? (s' | 5,a) PP (=0+ V()] _pm (4| 5 q) eﬁ[rﬁl(s,a)W(S')])‘

s'eS
< 2Ty +|ePH*) 1| Bp ¢ + gn(B) Bre

where the last step holds by Lemma[B1] Then, we have

- eB(H_hH) - 1| Bpe - gh(ﬂ)Br,s < (q;:f - q;:k) (Sa a)

<A + [PH=) 1| Bp ¢ + g (B)Bye.
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Furthermore, if ¢)";" < e#(H#="*1) ‘one can write

G =iy = iy~ g 2 =[P 1] Bp g - g1 (8) Bre.
If ¢ > ePH-*D) we have ¢} - aty = efUH=h+1) _ qi’y > 0. In addition, since ¢;;" > gj', it
holds that ¢, — gp"; < q,Tf — qpo- This completes the proof.
[}
Lemma B.5 On the event ofLemmafor all (m,h,s,a) € [M]x[H] xS x A and every policy
T
e If3>0:
HAU () _ PO () 5 (H — 4 1) [|e? D~ 1| Bp g + gu(8)Bre].-

e If3<0:
) AU < (H —h+ 1) [[” D ~ 1| Bp g + gn(8)Bre].
Proof. We focus on the case of 5 > 0 since the proof for 8 < 0 is similar. For the purpose of
the proof, we set Q7 (s,a) = Q7'1;(s,a) = 0 for all (s,a) € S x A. We fix a tuple (m, s,a) €
[M] x 8 x A and use strong induction on h. The base case for h = H + 1 is satisfied since

P Qi (5:0) = oBQE(5:9) = 1 for all m € [M] by definition. Now, we fix an index & € [H] and
assume that

PR (s:a) _ B-QE (s:a) 5 —~(H-h) [|eﬂ(H—h) ~1|Bpg + gh(ﬂ)Br,E] )
Moreover, by the induction assumption, we have

V() 2 hay B Qi (:0))

a’e A
2 H}afeﬂ'Q:ﬁ(s’al) —(H - 1) [|e’¥) 1| Bp ¢ + gn(B)Br.e]
> Vi) (H —h) [|e°P) ~1| Bp e + gn(B)Bre]- (19)

By the definitions of g, and g;"", it follows from (T9) that
ay = a2 —(H =) [|e”H D 1| Bp ¢ + gu(8)Bre].

In addition, on the event of Lemma[B.4] we also have

Qh1—Qn2 >~ [|65(H7h+1) -1|Bpe +gn(B)Bre].
Therefore, it follows that

(P — P (5,0) = (g - 457 (s.0)
= (ait - ai2) (s,0) + (4 - 457) (s,0)
>—(H-h+1) [|eﬁ(H7}”1) -1|Bp.e +9n(B)Bre]

which completes the induction. O

Lemma B.6 For all (m,h,s) € [M] x [H] xS, policy m and § € (0,1], with probability at least
1-4/2:

e If3>0:
PV (sa) _ BV () s (H b+ 1) [|e?H D 21 Bp g + g1(8)Bre] -

 If3<0:
AV (sa) BV () < (H — p 1) [[PH D 1] Bp g + g4 (8)Bre].

Proof. The result follows from Lemma [B.5]and Equation (19).
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B.4 Proof of Theorem 3.1]
We first consider 8 > 0. For h € [H], we define
5 o= PV _ BV R, (202)
Cha1=GQho~Gqns~ e,@r,’j‘(s;"',ag‘)éﬂl (20b)
- [ pr (eﬁ[r:ns;"’,a?)m:’zl(s’)] _ eﬁ[rmsh’"7a:?>+vsif*’"’(s')])] (s, a) — PT GRal ) gm

where [P f](s,a) := Egopm(js,a) [ (s')] forevery f : S — Rand (s,a) € S x A. Then, for every
(m,h) e [M] x [H], we have

o @ (eacz;" _ P ) (si' ap')

(i)
2y (s ant) —apy (sitoapt) + aiy (st apt) — ap's (sp', apr)

(#12)

i m B(H-h+1) m m _m m m _m
<A+ |€ - 1| Bpe+ Qh(ﬁ)Br,E +ah2 (Sh , p, )~ qp,3 (Sh A, )
m m

AT +[ePH ) 1| Bp ¢ + g (B) Byg + 7 (Sihaidgm 4 gm Q21

In the above equation, step (i) holds by the construction of Algorithm and the definition of V}" " in
Equation (Zb); step (ii) holds by Equations (TT) and (T2); step (iii) holds on the event of Lemma B4}
the last step follows from the definition of 6} and (;* in Equations 20a) and [20b]

Using the fact that V}3',, (s) = V., (s) = 0, we can expand the recursion in Equation I) to obtain

e Y )iy rem L+ D ST (4T + |€ﬁ(H—h+1) ~1|Bpg +gn(8)Bre)

he[H] he[H]
h-1_m
< S PR+ N SO (4 + [P HTRD 1| Bp ¢ + g5, (8)Bre) -
he[H] he[H]

where the last step follows from 7} (-,-) € [0, 1]. Summing the above display over m € [M] gives

>
me[M]

< Z Z eﬁ Z:’:ll T;'LC}T'_l + Z Z eﬁ(hil) (4Fhm + |€ﬁ(H7h+1) - 1| Bp7g + gh(ﬂ)Br_’g)
me[M] he[H] me[M] he[H]

M
= i > > (¢ ZET e 4 P (4T + [UTD 1 Bp g + gh(B)Br,S))
E=1 m=(E-1)W he[H]

wlooew et
=YY X (PEEGL 4O ) s WH (| - 1| Bp + 91(B)B,) . (22)
£=1 m=(E-1)W he[H]

. . . h=1,m . . .
We aim to control the terms in 22). Since {66 Zict T Cﬁl} is a martingale difference sequence

satisfying |e/3 Tt em | < 2eBH 1| for all (m,h) € [M] x [H], by the Azuma-Hoeffding

inequality, we have:

o t2
7)( >y BTG T (ﬂlzt)gexp(—), vt > 0.
]

me[M] he[H 8HM (ePH - 1)2

Hence, with probability 1 — §/2, it holds that

>3 P < (P 1) 2HM log(2/5) < 2 (P 1) V2HM:,  (23)

ke[K] he[H]
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where ¢ = log(6H |S||.A| W /§). Furthermore, recall the definition of I'}", we can derive

EW
eﬁ(h_l)f‘zn

m=(E-1)W he[H]

EW

ST (@ 1[4 g (3) VST \J

m=(E-1)W he[H]

mm+1

EW 1

<@l -1+a@®)VISle Y X%

m=e=1yw he[r] N Vi (sp, a%") +1

EW 1

%’<cl|eﬂH—1|+glw>>¢s_|Lh%WJ =

meyw NI (s ar) +1

<( |e’8H - 1| +g1(8)) VIS|/2H?[S|| AW

where step (i) follows the Cauchy-Schwarz inequality and the last step holds by the pigeonhole
principle. Thus, it holds that

M
W“”rm < (Cy P — 1|+ P |8)) /2H2|S]2| Al 2 (24)
Substituting (23) and (24) into (22) yields that
M
o7 <2|ePH -1 V2HM e+ (Cy|ePH - 1]+ 91(8)) V2H?|SP| A2 (25)
me[M] vW

+WH (|’ - 1| Bp + g1(B) B,)

For 3 > 0, we have that g, (3) = ¢’ 3 and the dynamic regret can be decomposed based on Lemma

[E1
D-Regret(M)
1 *,m o m m m 1 m m M m om
Z B-V (31 ) _ fB'Vl (51 Z [ ,3V1 (3 _ B'Vl (51 )]
e 1 (& + (&

SW m Wm.m m
i > H("" -1Bpe+qi(B)Bre)+ Y. 1 [eﬁ'vlm(sl )PV T )]
EX1 m=(E-1)W merar) B

WH (" -1| Bp + g1(8)B,) + ﬁ oo

me[M]

<= (2 (P —1)V2HMu+ (C1 ("7 -1) + e B) /2H2|S|]?| A2 JMW

+WH ((e’" -1)Bp + e’ 8B,))

M
<2ePHH2HM, + P (CLH +1) 2H2|S|2|A|L2ﬁ +WHePH (HBp + B,)

M
<2 H2HM L+ (Cy + 1) H 2H2|S|2|A|L2ﬁ +WH??" (Bp + B,) (26)

where the second inequality follows from Lemma [B.6] the third inequality holds because of the
definition of Bp, B, and 67", the forth inequality is due to (23)), and the fifth inequality follows from
ePH —1 < BHEePH for 5 > 0.

Finally, by setting W = M3 (Bp + Br)% |S|%]A|3, we conclude that
D-Regret(M) <O (?|S[3|4]F H2M 3 (Bp + B,)*).

The proof of 5 < 0 follows a similar procedure and is therefore omitted.
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C Proof of Theorem

C.1 Preliminaries

We first lay out some additional notations to facilitate our proof. Let N;*, G}*, V" be Np,, G, V),
at the beginning of episode m, before ¢ is updated. We also set Q)" := + 3G Let Pr(-| s,a)

denote the delta function centered at s}",, for all (m, h,s,a) € [M ] [H] x S x A. This means that
Es’~F""( Is,a) [f(s)]=f(sp,) forevery f: S —R. Denote by np* = N/ (sp, a)'). Recall from

Algor1thm|2| that the learning rate is defined as

H+1
Q=
H+t
for t € Z. We also define
t ) t
o =[](1-q;), aj=a; [] 1-0ay) (27)
j=1 Geitl

for integers i, > 1. We set o = 1 and Yy of = 0if £ = 0, and of = o if £ < i + 1.

The epoch is defined as an interval that starts at the first episode after a restart and ends at the first
time when the restart is triggered. In Algorithm 2] the restart mechanism divides M episodes into
[%] epochs.

Define the shorthand notation ¢ := log(|S||A|M H/é) for § € (0,1]. We fix a tuple (m, h,s,a) €
[M]x[H]x S x A with m¢ < M being the episode in which (s, a) is visited the i-th time at step h
in epoch £. Let us define

m€

Siee] 0 leﬁ[r Fommi( )]+Fh] it 8>0,

I
[ ol o (7))
zismaéle meomiilna)l p, | s,

th “(s,a) —a eBUH=h+1) |

IS L3 (g COON atl MR
s,a) = ’
A1 max{qx”f(s,a),eﬂ(H‘h”)}, if 3 <0,
and
m€
qh2 (3 Cl) =y €’B(H h+1) + Z Oét leﬁ[ (s,a)+V, h+1 (shﬂ)]:l
i€[t]
£
. ﬁ[ i (s,a - 57::- ] )
Zié[t]o‘;[e (et (’1) +Fh,i]7 if 3>0
qh2 (S a) = oy 0eA(Hh+1) | mé mé
) ﬁ[ i (s,0)+V, 1 (smil)] .
Die[t] 4 [e -Tpi|, ifB<0
™ (s,a) min {th (s,a),e - h+1)} if6>0
S,a) =
R [ s Gy 0o} it <o
and

qh 3(8 CI,) = ! eﬁ Qh '(s,a) " Z ai I:Es’~P;"(»|s,a)e,8[TZl(sya)+V}:+T (g’)]] .
i€[t]

m,+

By the definition of qh 2 2 p 5 and g;",, it can be seen that qh'2 <qp5 if >0, and qh ° > Qho if
B3 < 0. In addition, by definition, we have (65 Q' PRy ) (s,a) = (th - q}lyg) (s,a).
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C.2 Value difference bounds

Lemma C.1 For every triple (s,a,h) and episodes mi,ms in the epoch &, it holds that
[V, (s) = V™2 (s)| < Brg + HBpg.
Proof. Let ay = argmax, Q""" (s,a) and ay = argmax, Q""" (s, a), it holds that
Vi (s) = Q™ (s,01) > Q™ (5,02) 2Q5™ (5,a3) - Bre — HBp g
=V,""*(s) - Bre —HBp¢
where the second inequality follows from [31, Lemma 1]. Similarly, we have
V*’mz(s) > V}* ml(s) -B,¢-HBpg.

This completes the proof. O

Lemma C.2 For every (m,h,s,a) € [M]x[H] xS x Aandmy,...,my <mwitht=N;"(s,a),
we have

£
At it ()] —
Z;] Oét le ! l ( ! 1) - ESINP}';n(~|S7a) [eﬂ[ h ( )JthJrl ( )]]]’
<Th +291(8)Brg + (gn(B)H + "D — 1) Bp ¢

with probability at least 1 - 6, and

Z ;T € [Tne, 2T0,]
€[t]

where I'y, 1 is defined in (m)

Proof. For every (m,h,s,a) € [M] x[H] xS x A, we have the following decomposition:
£

eﬂ[r K (? (L)+ h+1 (h+1) [ /3[7‘;7:1'(8,(1)*"/;4,?( /)]]

] Ereppn (1s.0)

_ [ i (s,a)+V, . ( ,:1 ] [ h(8,0)+V, 1 (Sf’i)] (28a)
+eﬁ|:r;1”(s a)+Vy ( h,i)] [TL”(S a)+V;f+'1"( h+£1)] (28b)
+€/8|:T;:"(s,a)+ e (6h+1)] E e I:e,é’[rzn(s7a)+V;+T(s’)]:| (28¢)

Pyt (s,a)
e [eﬁ[rhm(s,a)ArV}fjl”(s’)]:I ~Eyepp(fay [PIH COMT ] (28d)
For the terms in @), it holds that
mE mé
65[ P (s,a)+V, (S;Jl)] B eﬁ[ﬁﬁ”(s a)+Vi (Snfl)] <gn(B) T;lnf (s,a) -} (s,q)
<gn(B)Br,e (29)

where the first inequality follows from the Lipschitz continuity of ¢”® with respect to x and the
second inequality is due to the definition of the local variation budget B, ..

For the terms in @ it holds that
B[ 7 (s,a) )] el s "
i (s,0)+V, (ghfl):l [Th 5,0)+V, T (shfl):l wmf [ mf
<gn(B) [Viii " \snen ) = Vi (5h+1)

<gn(B) (Bre + HBp¢) (30)
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where the second inequality follows from Lemma[C.T}
For the terms in (28d), we have

e [l g

. [l carvi (9]
s'~Py "t (¢s,a)

s'~ Py (s,a)

Blri (s,a)+Vu T ()] _ 1] _ S Blri (s,a)+V, T (s")] _

< |€B(H_h+1) - 1|B7>7g (31)

where the first step follows from P;"1(s,a) = P;1(s,a) for all 7 € [£™,m — 1] and the last step
holds by the definition of Bp ¢.

We now analyze the terms in (28¢)). For every (m, h,s,a) € [M] x [H] x S x A, we define

m

£
| o vy (5] P
i,m,h,s,a)=¢e -E Al () + Vi ()17
w( ) s'~P, f(-\s,a) [ ]

For a fix tuple (m,h,s,a) € [M] x [H] xS x A, {¢(i,m, h,s,a)};,y with t = N;*(s,a) is

a martingale difference sequence. By the Azuma-Hoeffding inequality, with probability at least
1-46/(HM|S||A]), it holds that

> af-(i,m, h,s,a)| < |e (H=h+1) -1 oY (o )2 <Oy |e? (H=h+1) -1

ie[t] ie[t]

where C' > 0 is some universal constant, the first step holds since 7,(s,a) +V,*,; (s") € [0, H-h+1]
for s’ € S, and the last step follows from the second property in Lemma Then, applying the
union bound over (m,h,s,a) € [M] x [H] xS x A, we have that the following holds for all
(m,h,s,a) e [M] x[H] xS x A with probability at least 1 - § :

H
Z at (i, m,h,s,a)| < C2|eﬁ(H h+l) 1| L )

i€[t]

where t = N} (s, a).

Finally, by combining Equations (29)-(32) and noticing that 3., @} = 1 from the forth property in
LemmalF.3] we have

|

<Cy |€B(H_h+1) - 1| % +291(B) By + (gn(B)H + |€B(H_h+1) -1|)Bpe

£
ﬂ[ '1 (S a)+ +7n ( 'n:- )] rM(s.a *om( ot
hat o \Sha ]| Es'NP,;”(~|S7a) [65[ e (s,a)+ VT ( )]]

For bounds on (¢ Ty, ;, we recall the definition of {T';;} in (7) and compute

H
Z othh ;= =C, |eB(H h+1) 1| Z L
1€[t] 1€[t]
e | Cy |eP1D _q| 29, |PUH-+1) _q)| t ]
where the last step holds by the first property in Lemma@ ]

Lemma C.3 For all (m,h,s,a) and 6 € (0,1], the following statements hold with probability at
least 1 —-4:

* If3>0:
- Qeﬁ(H_h”),BB - (eﬂ(H_}”l)BH + (eﬂ(H_}”l) - 1)) Bpg< quQ(s, a) - qug(s, a)
<af (PHD 1) 12 3 ally,; +2ePH BB, o 4 (PHDBH 4 (LT 1)) Bp g

i€[t]
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e If3<0:
2B, - (—BH + (1 - eﬁ(H’h”))) Bpg< qgfg(s, a) - qhmz(s, a)
<af (1-ePHD) 12 N iy, ;- 28B,g + (-BH + (1 - #HD)) Bp o
i€(t]
Proof. We focus on the case where 5 > 0 and the case for § < 0 can be proved similarly. By the

definition of g;,'5" and g}"s, it holds that

(eﬂ(H—hH) - eBQ;‘;’"(s,a))

m,+
4y 2

U3 =)
_ 3[
+ > ajfe
i€[t]
Due to e?(H-h+1) > Q™ (5:0) > 1 and Lemma we have
q;f’; N quS 2= 2gh(ﬁ)Br,£ - (gh(ﬁ)H + |65(H_h+1) - 1|) Bp’g

m€

1= £

ms *,m$
i % i i
Th (s,a)+ h+1 (Sh+1

m

)] +1h — Es’~P""(-|s a)eﬁ[T’ZL(s,a)+V};vl ()]
; # ,

and

G =il 5o (P 1) 2 3 ol
1€[t]

+ 29h(B)Br,S + (gh(ﬂ)H + |eB(H_h+1) - 1|) Bp’g.
Furthermore, if ¢;;" < e#(#="*1) then we have g’y = qp'y - On the other hand, if ¢;";" > ePH-h+1)

then g, = ” (H-h+1) < qu’;. Thus, it holds that 0 < ¢}, — gj" < qu’; - qj""s. This completes the

proof. O

The next two lemmas compare the iterate e” @i (and €#Vi" ) with the optimal exponential value
function e? @1 (and e”Vi' ™).

Lemma C.4 Forall (m,h,s,a) and 6 € (0,1], it holds with probability at least 1 - §:
e If3>0:
(P = P9 ) (s,a)
>~ (H-h+1) (2P T M3B, o4 (PHPDBH 4 (PHD 1)) Bpg).

e If3<0:
(PO — P Y (s,a) < (H - h+1) (-28B,.e + (-BH + (1 - D)) Bp ).
Proof. We focus only on the case where 5 > 0 since the proof for 5 < 0 is similar. For the purpose
of the proof, we set Q%,(s,a) = Qf,1(s,a) = 0 forall (m,s,a) € [M] xS x A. We fix a pair

(s,a) € S x A and use strong induction on m and h. Without loss of generality, we assume that
there exists a pair (m, k) such that (s,a) = (s}',a}") (thatis, (s, a) has been visited at some point in

Algorithm, since otherwise e/ @n' (5:@) = BUH=h+1) 5 oFQu(5:9) for all (m, h) € [M] x [H] and
we are done.

The base case for m = 1 and h = H + 1 is satisfied since ¢ @¥i+1(5:0) = ¢fQu1(5:9) for i/ € [M] by
definition. We fix a pair (m, h) € [M] x [ H] and assume that

m€ +m€
P Qi (s:0) _ PRy " (s:a) > —(H _ h) (265(H_h)ﬁBr,g 4 (eB(H_h)BH + (eﬂ(H—h) _ 1)) BP,S)

for each m{,...,m¢ (here t = NJ"(s,a) ). We have for i € [t] that

mE mE
B Vnsi (4) :maj(eﬁ'Q’Lfl(s’a ) - (H-h) (2eﬁ(H7h)ﬂBr,5 + (CB(Hfh)ﬂH + (6ﬁ(H’h) -1)) Bp.e)
a’e

*,’Vnig 7
>max ¢’ @ (@) _(H ~ 1) (265 BB, ¢ + (PHBH + (PHM _1)) Bp )

*,m&
=eMVin ") (H —h) (2P TN BB, ¢ + (PHMBH + (PHT 1)) Bpg) (33)
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where the first equality holds by the update procedure in Algorithm 2] Then, it holds that

m,+

(q;;bfr _Q;TQ)(S,CL) 2 (qh 1 —qh 5 )(s,a)

Y [eﬂ[rh’i oy (1) _eﬁ[ sy (7‘5)]]

= t
1€[t]

wmé [ mé
Zazeﬁr (sa)l h+1 h+1 _eﬁ[vml (Sh+1)]:|

1€[t]

> (H- h)Za (26PN BB, ¢+ (PHMBH + (PHM 1)) Bp )
e[t]

> (H h) Z (2€B(H h+1)ﬁB & +< ﬁ(H_h+1)BH+ (eﬂ(H—h+1) _ ]-))B’P,E)
i€[t]

> —(H - h) (2ePH D8R, o+ (PHBH 4 (PHD 1)) Bp ¢ )

where the first inequality follows from the definitions of q;L”f', qh 2 , the second inequality holds by

the induction hypothesis, the third inequality follows from e > 1 for 3> 0, and the last inequality
holds by 34 o < 1 from Lemma Furthermore, when gj'; = ?="+1) < g™", we have

'y — 'y 2 0 since gj'y < P71 by definition. Thus, we can conclude that

(@ - ai') (s,a) > —(H = h) (2P HDBR, o 4 (PHMIBH 4 (PHD 1)) Bp ¢ )
(34)

In addition, from Lemma[C.3], we also have
(ai's = ai's) (s, a) 2 =2eP =MD BB, o — (S HDBH 4 (PHD _1))Bp e (39)
Finally, by combining (34) and (33)), we obtain

(790 - P ) (s, a)
=(ar1 ~ dn2)(5:0) + (a2 — ar3) (s, 0)
>~ (H-h+1)(2e°H 08B, o+ (PHMDBH + (PHD 1)) Bp ¢).

The induction is completed. O
Lemma C.5 Forall (m,h,s,a) and § € (0, 1], it holds with probability at least 1 - 4:
e If3>0:

(790 — P (s, a)

[ mf( m.f)] ﬁ[V* m.f( m€ )]
< Z a e (9 a)l h+1 \ Sh1 e h+1 h+1 ]+ 3 Z Oéirh,i
i€t

1€[t]
+al ( B(H-h+1) _ )+2€,6(H—h+1)ﬁBT7£ + (eB(H—h+1)BH+ (eB(H—h+1) _ 1))37)78.

e IfB<0:
(PO = P9 (s, a)
wmE [ m€ m€ [ m€
> Z al 57“ (s a) l |:Vh+1 (S}L+1)] _ eﬁ[v}wl (Sh“)]‘l _3 Z O/,Z‘Fhi

ie[t] i€[t]
—af (1-PHD) 1 98B, ¢ — (-BH + (1 - HD)) Bp ¢
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Proof. We focus on the case where 3 > 0 since the case for S < 0 can be proved similarly. By the
definition of g3, and gp"y, we have

(g - aie) (s.0) < (a7 - q,:”;) (s,a)

) m& £
_ ™% ea " Srlr:i BI: mé s +m ( m+ )] .
SZaéle[ ( )"’}1()1)]_6 (s,0)+V, 1" | 5,4 +Zairh7i
i€[t]

i€[t]
> e a)l ol v ()] _GB[VSLTLf(sZﬁ)]] LS il
i€(t]

where the first inequality follows from ¢;"; < qzl’f’ and g’y > q,’f;, and the second inequality holds
by the definition of ¢;";" and ¢;"; . Then, by Lemma we obtain

(790 - P ) (s, a)
=(gi"y — ai'2) (5,0) + (g}s - 47's) (s, 0)

o omf B[v"‘f (Smf )] ﬁ[v*,mf (Smf )] _
< Z Oézeﬁrh ECEON [Pl RS R I R h+l +3 Z aiTh.
i€(t] i
+a (PUID) _ 1) 4 0PN g oy (PUH-MD grT 4 (PUTHHD 1)) By o

This completes the proof. O

C.3 Proof of Theorem

For now, we consider the case for S > 0. We define the following quantities to ease the notations for
the proof:

§I 1= VG _ VI
o = A CH I eﬁ-v,f*m(s;'f)7
&y o= |:('Pm 7’5,71”) ( VI eﬁ-V;ZﬂL )] (s, ay
For each fixed (m,h) € [M] x [H], welett = N;" (s}, a;"). Then, it holds that
§m (QeBQ:?(sZ’,u,’:’) B s

QY (s}l _ B0 5

[ ]+[ BQ (AR _ BQE (s ,ai?)]
(D[P0 _ P 0] 4 P R0 [7;;;1( BV _ of Vh,“ﬁ“m)](s;y,a;y)
CQ[epar ey - p QiG] 4 o8 [ ( Vi BV ))(3;7;,@;;1)

[eﬁ QU (si i) — P QT (Rl ] + e (Ojy = D + E50%1)
D00 (PH1 1) 13T il + Z o - AT G | ¢

’V?‘Lg ’VTL‘.S
B h+1( Spi1 BV sph
—€e
i€[t]

+ 26[‘3(H7h+1)6Br£ + (eﬂ(H7h+1)ﬂH + (eB(H7h+1) _ 1)) B’P <

+e” (Ons1 = Phisr + &%)

""'f m _m ,,n
:a? (eB(H_}HI) N 1) + Z a% ’ eﬂ.rh (ke )¢ L te (5h+1 ¢h+1 + £h+1) (36)
+3 Z O‘irh,i 4 266(H—h+1)ﬁBr7€ + (eﬂ(H—h+1)BH + (eB(H—}H—l) B 1)) Bpe 37)

i€[t]
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Wh?nre step (¢) holds since Vé” (sp") = maxgrea Q' (si',a") = Q1 (s, ap') and V,Z’m’m sy =

B (sph) = Q" (siY apt); step (i) holds by the exponential Bellman equation (3);
step (iii) holds since V" > V," +1m implies e# Vi1 > ¢#Viia ™ given that 8 > 0; step (iv) holds on
the event of Lemma

We bound each term in (36) and (37) one by one. First, we have

> oz?LZL (eB(H_h“) - 1) = (eﬂ(H_h”) - 1) > 1{np' =0}
me[M] me[M]

< (P 1) 1S Al
To bound the second term in (36), we first define

g (sF el g (i

A A ) (H-h) (2e°HM BB, ¢ + (PHMBH + (T 1)) Bp ¢)

which is non-negative from Lemma|[C.4]and (33):

mE , ¢ mE £ m m
i By, (sptapt) oy | i B (siapt) omi (syhan’)
> ( > oy el D | = 2 > Qpm ~ € P

me[ M] \ie[t] me[M] \ ie[n)]

m _m

Seﬂ z Z aiz})'f (52”:81 Sp »0p

me[M] K[n}rln]

where m¢ (s, i) denotes the episode in which (s!",a}") was taken at step h for the i-th time
in the epoch £. We re-group the above summation by changing the order of the summation. For

£ . W E . . L £ . .
every 7 in the epoch £, the term ¢yt appears in the summand with m > m¢ if and only if

(spr,ap’) = (52”’, azlr) and the episode m is in the epoch £. Since the inverse of the mapping

£

. . € . .
i— mf(sf, ap') is m® - nj' , we can continue the above display as

| ew

m_m [

&
8 i am;(sptan’) Ié;
o v | e <o
melA) e

m_m

£
i m;(sptay’)
Z 0‘ﬂ§f‘¢h+1 mo
1 m=(E-1)W ie[ng‘]

M=k

Cn
Il

ey
m
<e’ > S| 2 "
&=1 m/=(E-)W tonp +1

sk

’

o)y 8

E=1 m/=(E-1)W
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where the last step follows the third property in Lemma [F3] Collecting the above results and
substituting them into (36)-(37), we have

[w] ew
(U s (1 g ) Y S G
me[M] E=1 m=(E-1)W
(%]  ew ] ew ,
+ Z Z e’ (Ops1 = Phar +E€n41) +3 Z Z Z iy
E=1 m=(E-1)W E1 m=(E-1)W ie[t]
[w] ew
+ Z Z (2eﬂ(H—h+1)/BBT)5 + (eB(H—}H—l)BH + (eﬁ(H—h-l-l) _ 1)) B’P75)
E1 m=(E-1)W
I\ #l ew
< (P _ 1) |5]1A4] + (1 . ﬁ) » A5
E=1 m=(E-1)W
[w] ew _
+ > > 3> ailh +efen
E=1 m=(E-)W \ ie[1]
(W]  ew

+3(H-h) Y, > (2PHDER, ot (PHEMIBH 4 (PHD 1)) By ¢)
£=1 m=(€-1)W

1
s(eB(H‘h”)—1)|S\|A|+(1+E) T o,

me[M]
[#]  ew .
3 Y Yalna+ Y g
E=1 m=(E-1)W ie[t] me[M]

+3(H - h) (2ePH W B, + (PHAPDBH + (PHD 1)) WBp)

where the second step holds since 47", > @7, ; (due to the fact that 3 > 0 and V,;T > Vh """ and

the definition of ¢}, |; the last step follows from the definition of B, and Bp. Now, we unroll the
quantity 3,,,.[as] 95, recursively in the form of Equation (36), and get

>, o (38)

me[M]

s z][(“é)eﬁ]“[(e“““’ D s % sane v @)

he[H E=1 m=(E-1)W i€[t]
+3(H - 1) (2¢°H D gW B, + (PHM D BH + (LHD 1)) W Bp)]

1\t o [w] ew - ,
SZ(“E) GRS INIZIEED S MR ) DH PR R SRS

he[H] E=1 m=(E-1)W i€[t] me[M]
+3(H - h) (27 BW B, + ("7 BH + ("7 - 1)) WBp)]

(W]  ew _ h-1
<e l(eﬁH -1 H|S[Al+3e Y. Y > ePh=1) > azrh,i‘| + (1 + %) ey
h ]

E=1 m=(E-1)W he[H] i€[t] e[H] me[M
+3eH? (2" BW B, + (e’ BH + ("7 - 1)) WBp)

where the first step uses the fact that 577, , = 0 for m € [ M ]; the last step holds since (1 + 1/H)" <
(1+1/H)H <eforall h e [H]. Furthermore, the definition of I';, ; and Lemmaimply that

H.

Z aiF;L,i <Oy (65(H_h+1)_1) et

1€[t]
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for some constant Cs > 0. By the pigeonhole principle, for any h € [ H] we have

[w] ew . ‘ u [wl ew H,
Z ePh=1) Z oIy < Co (65 —1) Z Z —
E=1 m=(E-1)W he[H] ie[t] =1 m=(c-1)W \ "n

<O (P 1) Y VI He

m
m=(E-1)W Th

< Oy (e - 1) M\/H|S||Al./W (39)

where the second step follows from the Cauchy-Schwarz inequality, the third step holds since
Y (s,a)esxa N (8, a) = W and the right-hand side of the second step is maximized when N} (s, a) =
W/(|S||A]) for all (s,a) € S x A. Finally, the Azuma-Hoeffding inequality and the fact that
|(1 + %)}kl eﬁhﬁ,’ﬁr1| <e (e’ - 1) for h € [H] together imply that with probability at least 1 - 5,
we have

1 h-1 N
(o) e

he[H] me[M]

SCg(e'BH—l) HM. (40)

for some constant C3 > 0. Plugging Equations (39) and @0) into (38)), we have

Z s <(9(( —1) M\/H|S||AJ/W + (e 1) VHM:

me[M]
+H? (2P W B, + (" BH + (7 - 1)) WBp)) A1)
when M is large enough. Invoking Lemma[F.1]yields that

D-Regret(M)
< Z l[eB-Vf""(si")_eﬁ-Vlm(sT)]+ D l[eﬂ-vmsr)_eﬁ-v;""*m(s?)]

me[M] ﬁ
1 X H H H
E Z S H(2e"7BB, e+ (" BH + (e’ -1)) Bp¢)
£=1 (5 0)4%
. [ BV (57 _eav:m“(s;")]
me[M]
<LWH (267 B, + (T BH + (P 1)) Bp)+ = S o7
ﬁ ﬁ me[M]
S%WH (2¢%1 8B, + (P BH + (¢ - 1)) Bp)

+ %0 ((eﬂH -1) M\/HIS||Al/W + (" - 1)VHM.

+  H*(2eP7BWB, + (" BH + (e’ 1)) WBp))

<O (" HM\/H|S| AW + " HVHM:+ H*e*™ W (B, + HBp)) (42)
<O (e M\/HISA[JW + ' HM + H*¢* W (B, + Bp)) (43)

where the second step holds by (33), the third inequality holds because of the definition of Bp, B,
and 07", the forth inequality is due to @) and the fifth 1nequahty follows from e/ — 1 < BHeP i

for 3 > 0. Finally, by setting W = M3 H™1 (

3 , we conclude that

D-Regret(M) <0 (e”¥[S|5[ A5 HE M5 (Bp + B,)*® )
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The proof is similar for the case of 3 < 0, and one only needs to exchange the role of V,", Vhﬂm’m
and V,""™ in the definitions of 6}, o}, &J":

7\"” m m m
5}7:1 = 66 Ve (si') _ eﬂ Vi (sh )7

B i PV ) _ BV
&= [(73;:1 - 7’5}7:1) (eB-VM - eﬂ.vh,;l')] (spt,apt)
to derive the counterparts of and (37), and complete the remaining analysis.
D Proof of Theorem [4.1]

D.1 Multi-scale ALG Initialization

Algorithm 4 Multi-scale ALG Initialization (MALG-initialization)

1: Inputs: ALG and its associated p(+), n;
2: fort=0,...,2" -1do

3:  for k=n,n-1,...,0 do
4

If 7 is a multiple of 2¥, with probability Z gz; , schedule a new instance alg of ALG that
starts at alg.s = 7 + 1 and ends at alg.e = 7 + 2F

5.  end for

6: end for

D.2 Anillustrative example

For better illustration, we give an example with n = 4. This example has also been shown in [40]
and we present here for completeness. By Algorithm [4] one possible realization of the MALG
initialization is shown in Figure [Z] with one order-4 instance (red), zero order-3 instance, two order-2
instances (green), two order-1 instances (purple) and five order-0 instances (blue). The bolder part of
the segment indicates the period of time when the instances are active, while the thinner part indicates
the inactive period. At any point of time, the active instance is always the one with the shortest length.
The dashed arrow marked with (D) indicates that ALG is executed as of the two sides of the arrow are
concatenated. On the other hand, the two blue instances on the two sides of the dashed line marked
with ) are two different order-0 instances, so the second one should start from scratch even though
they are consecutive.

D.3 Preliminaries

Similar to [40], our approach takes a base algorithm that tackles the risk-sensitive RL problem
when the environment is (near-)stationary, and turns it into another algorithm that can deal with
non-stationary environments. The base algorithm is assumed to satisfy the following requirement:

Assumption D.1 ALG outputs an auxiliary quantity e® Vi"(s1) ¢ [0, ePH ] at the beginning of each
round m. There exist a non-stationarity measure A and a non-increasing function p : [M] - R
such that running ALG satisfies the following: for all m € [M], as long as Apy ,,,] < p(m), without

knowing Apy ,,,) ALG ensures with probability at least 1 - %: if B> 0, it holds that

m T 1 oo -
AV > min AV ) - Apfm) and — (eBV1 (s1) _ 652;7:17“;1) < p(m) + Apim]s
Te[1,m] ’ m - ’
and if B < 0, it holds that
*,T m ]_ m T T
max VT PYVED DA Ly and — Y (6625:1” - (Sl)) <p(m) + Apmy,
Te[1l,m m

T=1

1 . . .
Furthermore, we assume that p(m) > T and C(m) = mp(m) is a non-decreasing function.
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Figure 2: An illustrate example of MALG with n = 4.

Under Assumption[D.T} the multi-scale nature of MALG allows the learner’s regret to also enjoy a
multi-scale structure, as shown in the next lemma:

Lemma D.2 Ler 7 = logy M + 1 and p(m) = 6mlog(M/6)p(m). MALG with input n < loge M
guarantees the following: for every instance alg that MALG maintains and every m € [alg.s, alg.e],
as long as Apyes 41 < p(m') where m' = m — alg.s + 1, we have with probability at least 1 — % Sif
B> 0, it holds that

. *,T 1 m H T - -
Gm 2 min eﬁvl (1) _ A[alg.s R L Z (gT - eﬂzhzl 70’1) <p (m,) + nA[alg.s,m]7
Te[alg.s,m] m r=alg.s
and if B < O, it holds that
1

< BZH r7 —_ ’ —
7 Z (6 hetTh _g‘r) < p(m ) + nA[alg‘s,m]a

T=alg.s

V5T (s
max eB 7 2 Gm — A[alg.s ]y
Te[alg.s,m]

where g, is the UCB-based optimistic estimator PV (s1) for the unique active instance alg
at the episode m, and the number of instances started within [alg.s,m] is upper bounded by

- C(m’
6mlog(M/5) W)

Proof. The proof is similar to that of Lemma 3 in [40] with the standard value functions replaced by
the exponential value functions and is thus omitted. O

Lemma [D.2]states that even if there are multiple instances interleaving in a complicated way, the
regret for a specific interval is still almost the same as running ALG alone on this interval, due to

the carefully chosen probability Z g:; in Algorithm Built on Lemma the regret on a single
block [m,, E,, ], where E,, is either m,, + 2" — 1 or something smaller in the case where a restart is

triggered, is bounded in the following lemma:

Lemma D.3 For Algorithmwith ALG satisfying Assumptionand on every block J = [m,, Ey, ]
where E,, < m,, + 2" — 1, it holds with high probability that:

{ZTGJ
ZTEJ

where {11,...,I;} is any partition of J such that Az < p (|Z]]) for all i.

eﬂvl*,ﬂ'(81) _ RT) < 6
R, - eﬁVf’T(Sl)) < O

S O (T + Zhco 850 € (27)) i >0,
S C (T + T 253C (2™)), if B <0,

m=0 p(2n
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Proof. The proof is similar to that of Lemma 4 in [40]] with the standard value functions replaced by
the exponential value functions and is thus omitted. ]

Built on the dynamic regret over a block, we can further bound the dynamic regret over a single-epoch.
The epoch is defined as an interval that starts at the first episode after a restart and ends at the first
time when the restart is triggered.

Lemma D.4 Assume that C(m) takes the form of C(m) = cym? for some constant 1. Then, for
Algorithm[3|with ALG satisfying Assumption[D.1|and on every epoch E, it holds with high probability
that:

Sree (7760 <R, ) < 6(c§A§|g|% . c1|5|%) L ifB>0,
Z‘reg (RT - eﬁVf,T(Sl)) < 5(C§A§|g|% + Cl|(€|%)7 lfﬂ < Oa

Proof. The proof is similar to that of Lemma 22 in [40] with the standard value functions replaced by
the exponential value functions and is thus omitted. O

Finally, we have the following bound on the number of epoch:

Lemma D.5 (Lemma 24 in [40]) Assume that C(m) takes the form of C(m) = clm% for some
1 1
constant c1. Then, with high probability, the number of epoch is upper-bounded by 1+2(c, 3 A3 M3 ).

D.4 Proof of Theorem [4.1]

We first focus on the case for 8 > 0. Let &y, ..., En be epochsin [1, M]. If Assumptionholds, by
Lemma|D.4] the dynamic regret of the exponential value functions over M episodes is upper-bounded
by

M yoxm ~ (X 2 1 2 1
Z (6’5 1 (Sl)—Rm) SO(Z(C{’ASJE/‘,P+Cl|87|2))
m=1 i=1
~f( 2 1 2 1 1
<0 (cfA§M§ . clNﬁMﬁ)
~( 2 1 2
£O(cfA§M§). (44)
where the second inequality follows from Holder’s inequality and the facts that zﬁﬁl Ag, <A and

YN, |&]| < M, the last step holds by the bound on N from Lemma

Now, it remains to show that the base algorithms RSVI and RSQ satisfy Assumption [D.T|and provide
the concrete form of A(m), p(m), ¢; and cs.

* RSVI as the base algorithm: it has been shown in Lemma [B.6] and (23)) in the proof of
Theorem 3.1 that RSVI satisfies Assumption [D.1| with the following choices:

A(m) =H (|6BH - ]-| BP,m + gl(B)Br,m) )
p(m) = O ((|e" 1]+ 9:(8)) VVHZISPIA[2]m)
c1 = (| = 1| + g1 (B)) VH?|SP|Al:2.

Then, by plugging in the form of A and ¢; in (@), and using e?# — 1 < BHePH for 5 > 0,
we have

M
» (eﬂvl e R,) <0 (,BeﬁHH2|S|§ A BS M ).
m=1

Invoking the above inequality with Lemma [F.Iand applying Azuma’s inequality to bound

SM (R ) yield that:
D-Regret(M) <O (eﬁHH2|S|% |A|%B%M%) .
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* RSQ as the base algorithm: it has also been shown in Lemma[C.4]and (#1I) in the proof of
Theorem [3.2)that RSQ satisfies Assumption [D.T]with the following choices:

A(m) = H (291(8)Br.m + (91(B)H + e - 1|) Bp 1)
p(m) = O (|e” 1| /HIS| Alefm),
= 0(|e - 1| V/HISAL).

Then, by plugging in the form of A and ¢; in (@), and using e*# — 1 < BHePH for B > 0,
we have

M
> (D < Ry, ) <O (BT HI|S|F AP B M ).
m=1
Invokmg the above 1nequahty with Lemma [F.I]and applying Azuma’s inequality to bound
M (R - ") yield that:
D-Regret(M) <O (7 H 3 |S|5[A[S B MF).

For the case of 3 < 0, note that from Lemma |F.I] the dynamic regret can be bounded and decomposed
as follows:

D-Regret(M) <

RAGHC NPT M(s’”)] Z [ V7 ”"(sm_eﬁ»vl'"%s;")}

Then, following a procedure similar to the one used for the case 8 > 0 and noticing that g, (5)H =
—BH >1 - €PH for B <0, we obtain the desired result.

E Proof of Theorem 5.1

E.l Casef3>0

Consider a stochastic k-arm and M horizons bandit environment v, where the reward for pulling arm
je{1,2,...,k} is given by the scaled Bernoulli random variable Ber(p,)

Y. - H, with probability p;,
7710,  with probability 1 - p;
where H > 1 specifies the range of the reward. We let the arm ¢ be the unique optimal arm and all the
other k — 1 arms have the same p;, thatis, py = p2 = --- = pj_1 = pj41 = - = pi, = pand p; = p+ A for

some constants p > 0 and A > 0. Define X" to be the outcome of arm j (if pulled) in round m, and
Y™ to be the outcome of arm actually pulled in round m.

Lemma E.1 For the Bernoulli bandit v described above, if p = e PH A<ePH gpd H > 10%2, then
for every policy w, the regret with the entropic risk measure in v satisfies

M

Regret (1) = 3. L (log [E[exp (8X7)]] - log [Eexp (8Y™)]])
AP - 1)
> 3 EOnIS
Proof. By the definition of Regret(M ), we have
M
Regeet(M) = 3 L (1og [E[exp (8X]")]] - log [E[exp (3Y™)]])
- % U (tog [efexp (530)]) - o [Elexp (GX0T) 69

Je[k]/ i
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where the last step holds because of the independence among { X" }*_| and the independence among
{y™}M_  Taking the expectation over M on both sides of [@3)), we have

E(Regra() = 3 LD 10 ey (5:1) - tog [Efewp (5)T)

T(M) o (p+A)eP+(1-p- A))
_je[;]/z o pef +(1-p)
~ T(M) A(ePH - 1)
_je[%]:/i 1Og(1+ pePH + (1~ P))
U e, e )
jelkl/ i €

T(M) ( A(eﬁH 1))
el

-1)

> E[Tj(M)]———
2 3 I NE 45

where the forth equality holds since p = e ## | the first inequality follows from ¢’ > 2, and the
second inequality holds since A < e and log(1 + z) > 5 forz € [0,1]. O

Lemma E.2 Let k > 1. For every policy m and sufficiently large M and H, there exists a k-arm
bandit instance such that
BHIZ _ 1 /ITk

B 6de

E; [Regret(M)] >

Proof. Fix a policy 7. Let A € [0,e ] be some constant to be chosen later. We start with
a Bernoulli bandit where the reward of each arm is a scaled Bernoulli random variable Ber(p;)
with § = (p1,...,pk) = (A +p,p,...,p). This environment and the policy 7 give rise to the
probability measure P on the canonical bandit model (Section 4.6 in [29]) induced by the M -round
interconnection of 7 and v. Expectation under P; will be denoted as E;. To choose the second
environment, let

i =argminE; [T;(M)].

7>1
Since 3.5, E; [T;(M)] = M, it holds that
M
k-1
The second bandit is also a Bernoulli bandit where the reward of each arm is a scaled Bernoulli
random variable Ber(p}) with p’ == (p},...,p}) = (A+p,p,...,2A+p,p,...,p), where specifically

=2A + p. Therefore, p; = p;- except at index ¢ and the optimal arm in v is the first arm, while in
vy arm 4 is optimal. Then, Lemma and a simple calculation lead to

E; [Ti(M)] <

(46)

eBH

Es [Regret(M)] > Ps(Th (M) < ]\24)%7
eBH

€y [Regres(M)] > Py (13(01) > ) M=),

Then, applying the Bretagnolle-Huber inequality in Lemma[F.4]leads to
E; [Regret(M)] + E; [Regret(M)]

MA((ePH - 1) M M
G2 (Pamin < Ty +Pp(man > )
BH
ZW eXp(—DKL(Pﬁ | Pﬁ’))
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It remains to upper-bound Dy (P | Pj). For this, we use Lemma [F.6}
Dxr, (P, | P.s) =Ep, [T;(M)] Dkr, (Ber(p;) | Ber(p;)) 47
=Ep, [Ti(M)] Dk (p| 2A +p))
4N?

(2A+p)(1-2A-p)

c M 4A?

k-1 (2A+p)(1-2A-p)

16 M A2
<
kp

. 16e7H M A?

a k
where the first inequality follows from Lemma 3] the second inequality holds by ([@6)), the third step
follows from 1 - 2A —p > % and k > 3, and the last step holds by p = e #

<Ep, [T(M)]-

Substituting this into the previous expression, we find that
MA((ePH - 1) ( 16eP M A2 )
exp| -

Ej [Regret(M)] + E [Regret(M)] >

86 k
eBHI2Z _ 1 \/ME
T 32¢
where the second inequality holds by choosing A = \/W < e PH with M sufficiently
large. This result is completed by using 2max(a,b) > a + b. ]

Lemma E.3 For every policy m and sufficiently large M and H, there exists a MDP instance with
horizon H, S > 3 states and A actions such that
ePHIZ 1/ MSA

B8 64e

Proof. Note that the M -round k-arm bandit model described in Lemma[E.2]is a special case of an
M-episode (H + 2)-horizon MDP with S' states and % actions where S > 3 is odd. Let s be
the initial state, and all other states be absorbing regardless of actions taken. At the initial state s,
we may choose to take action aq, as,...,a s If a; is taken at state s;, then we transition to state
S142(j—1)+1 With probability p; and to state sy o(;-1)+2 With probability 1 — p;. The reward function

satisfies 74 (S142(j-1)+1,a) = 1, P (S142(j-1)+2,@) = 0 and rp,(s1,a) =0 forall h e [H + 2], a € A

S-1

=1, m]
2

E [Regret(M)] >

andj=1,...,

Based on Lemma|[E.3] let us now incorporate the non-stationarity of the MDP and derive a lower
bound for the dynamic regret D-Regret(M). We will construct the non-stationary environment as a

switching-MDP. For each segment of length M, the environment is held constant, and the regret
lower bound for each segment is O ( eﬁH;‘l \/SAMO). At the beginning of each new segment,

we uniformly sample a new action at random at the state s; from the action space A to be the
optimal action at the state s; for the new segment. In this case, the learning algorithm cannot use
the information it learned during its previous interactions with the environment, even if it knows the
switching structure of the environment. Therefore, the algorithm needs to learn a new (static) MDP
in each segment, which leads to a dynamic regret lower bound of

BH[2 _ BH/2 _
(’)(elL SAMO) - O(eﬁl\/SAML),

where L is the number of segments. Every time that the optimal action at the state s; varies, it will

cause a variation of magnitude 2A = /S A/(4MyePH) in the transition kernel. The constraint of the
overall variation budget requires that

/[ SA [ SAL3
2AL = L= <B
4MyePH AMeSH =77
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which in turn requires L < A5 B3 M3S S5 AE, Finally, by assigning the largest possible value
to L subject to the variation budget, we obtain a dynamic regret lower bound of

BH
o(e - ssAéBsMé).
This completes the proof of Theorem [5.1] for the case 3 > 0.

E.2 Case3<0

The proof of the base 8 < 0 is similar to that of the case 5 > 0. For 8 < 0, consider a stochastic k-arm
and M horizons bandit environment v, where the reward for pulling arm j € {1,2,...,k} is given by
the scaled Bernoulli random variable Ber(1 - p;)

Y. - 0,  with probability p;,
7| H, with probability 1 - p;
where H > 1 specifies the range of the reward. We let the arm ¢ be the unique optimal arm and all the
other k£ — 1 arms have the same p;, thatis, py = po = --- = p;j_1 = pj41 = - =pr = pand p; = p+ A for
some constants p > 0 and A < 0. Define X to be the outcome of arm j (if pulled) in round m, and
Y™ to be the outcome of arm actually pulled in round m.

Lemma E.4 For the Bernoulli bandit v described above, if p = ¢®™ and A > —eH | then for every
policy m, the regret with the entropic risk measure in v satisfies
M

Regeet (1) = 3 L (log [E[exp (8X7)]] - log [E[exp (6Y™)]])
A(e™PH 1)
> E[T;(M)]————~
> 3 EmOn=

Proof. Taking the expectation over M on both sides of (@3]), we have

E[;(M
elregrer(3] = 3> S (o [Efexp (30]] - o [ELexp (53,)1)
je[k]/ @
E[T;(M)],  ((L-p-A)e’+(p+A)
= 4 3 log (= p)eP +
ge[k)/ i ple===p
E[T;(M A(1-ePH
_ 5 E )Jlog(1+ (=) )
je[kl/ @ B (1-p)ePH +p
E[T;(M)] ( A(1—6"“’))
> Y — I —=log|l+———+"
i B 2e0
A(ePH —1
> > E [Tj(M)](w)
je[k]/ @
where the first inequality holds since p = ¢’ the second inequality holds since A < e and
log(1+x) <z fora>-1. ]

Lemma E.5 Let k > 1. For every policy m and sufficiently large M and H, there exists a k-arm
bandit instance such that

e PH2 1/ Mk
-B 6de

Proof. The proof is similar to that of Lemma[E.2|by replacing Lemma [E.T| with LemmaE.4] replacing
by

Es [Regret(M)] >

Dy (P, | Pyr) =Ep, [T;(M)] Dkr, (Ber(1 - p;) | Ber(1 - p;))

and by choosing A = —/k/(16Me-PH) > —efH |

The rest of the proof is similar to that for the case 3 > 0 and is thus omitted.
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F Auxiliary lemmas

Lemma F.1 For 8 > 0, the dynamic regret is bounded by
D-Regret(M) < ). 1 [eﬂ'vl*(sin) — VTG | > 1 [eﬁv{"(s{") - eﬁ'vlwm’m(s?)] ,
me[M] me[M]
and for 3 < 0, the dynamic regret is bounded by

D-Regret(M) < ﬂ[eﬁ-v;"(s;")_eav;*m(s;“)]+ s o [eﬂ-vr”’m(s;“)_eﬂ-vl*"(s;")].
me[M] (_B) me[M] (_B)

Proof. For 8 > 0, we have
D-Regret(M)

> (=) s

me[M]
DN VA GO ICOEED MR D ICHD
me[M] me[M]
1 *,m g m 1 m.m 1 m. . m 1 M om

= 710g eﬁ'vl (s1") _710g eﬁ'v1 (s1") ]+ |:710g eIB'V1 (s1") ——log{eﬂ'vl (s7 )}:|
mgM][ﬁ { = 5los RPN el 75

<y %[eﬁ-vl“”(sz" ) S l[eﬁ-v;"<s;">_eﬂ-vl"’"*m(s;'v]

me[M] me[M]

where the last step holds by the 1-Lipschitzness of the function f(z) = log x for z > 1.
For 3 < 0, we similarly have
D-Regret(M)

SN A G [

me[M]
Vi =) () + E[: ] (V" =V ) (s1)
me[ M

(
= [i log {eﬁ-Vf”(si")} _ i log {eﬁ'vl*'m(sin) }]
me[M] -p -8

- [%bg{ea-vrm*m(sr)}_%bg{eﬁ-vl"%s;“)}]
me[M]

-BH , -BH
< 3 L[eﬂan(si’”‘)_eﬁ-Vf”"(s’f‘) > c

where the last step holds by the (e‘ﬁH )—Lipschitzness of the function f(x) = logx for z > e/, O

me[M]

[GB‘VIWWL ,m (Swln _ e/B.Vlnl (S;n)

Lemma F.2 (Theorem 1 in [1]) Let {ft}zo be a filtration and {n;},-, be a R-valued stochastic
process such that 1, is Fy-measurable for every t > 0. Assume that for every t > 0, conditioning
on F;,1n; is a zero-mean and o-subGaussian random variable with the variance proxy o® > 0, i.e.,

E [eA"f | ft] <N for every X € R. Let {X,};-, be an R%-valued stochastic process such that

X, is Fy-measurable for every t > 0. Let Y € R¥? be a deterministic and positive-definite matrix.
For every t > 0, we define

t t
Y=Y + Z X, X] and S; = Z N Xr.
=1 T7=1
Then, for every fixed § € (0,1), it holds with probability at least 1 — § that

det (Yt)l/2 det(Y)~1/2
0

2
IS )™ < 20> log

foreveryt > 0.
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Lemma F.3 (Fact 1in [20]) The following properties hold for i defined in ([27):

Oéi

ﬁ < %for every integer t > 1.

1
1o 7 < Xiet]

2. maXi[t] al < % and ¥ 4] (ai)2 < %for every integert > 1.
3. Yiaf =1+ & for every integer i > 1.
4 Yie[e] al =1and a? = 0 for every integer t > 1, and Yie[t] al=0anda? =1 fort =0.

Lemma F.4 (Lemma 14.2 in [29]) Let P, Q be probability measures on the same measurable space
(Q,F), and let A € F be an arbitrary event. Then,

c 1
P(A) + QA% 2 Sexp (-Dre (P Q)
where Dgp, denotes the KL divergence and A€ = Q)] A is the complement of A.
Lemma F.5 (Lemma 14 in [19]) Let p,p’ € (0,1) be such that p > p'. We have

Dict. (Ber (') | Ber(p)) < 4720

Lemma F.6 (Divergence decomposition, Lemma 15.1in [29]) Let v = (Py,...,P:) be the re-
ward distributions associated with one k-armed bandit, and let v' = (P,..., P;) be the reward
distributions associated with another k-armed bandit. Fix some policy 7 and let P,, = P, and
P, = Py be the probability measures on the canonical bandit model (Section 4.6 in [29)]) induced
by the M -round interconnection of m and v (respectively, m and v' ). Then,

DKL (Pua PV') = Zk: El/ [E(M)] DKL (PHPZ/)

i=1
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