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Local Analysis of Entropy-Regularized Stochastic Soft-Max Policy
Gradient Methods

Yuhao Ding', Junzi Zhang? and Javad Lavaei'

Abstract— Entropy regularization is an efficient technique
for encouraging exploration and preventing a premature
convergence of (vanilla) policy gradient methods in reinforcement
learning (RL). However, the theoretical understanding of entropy-
regularized RL algorithms has been limited by the assumption of
exact gradient oracles. To go beyond this limitation, we study the
convergence of stochastic soft-max vanilla policy gradient with
entropy regularization and prove how to utilize the curvature
information around the optimal policy to guarantee that the
action probabilities will still remain uniformly bounded with high
probability. Moreover, we develop the “last iterate” convergence
and sample complexity result for the proposed algorithm given
a good initialization.

I. INTRODUCTION

Entropy regularization is a popular technique to encourage
exploration and prevent premature convergence for reinforce-
ment learning (RL) algorithms. The idea was originally
proposed in [1] to improve the performance of REINFORCE,
a classical family of vanilla policy gradient (PG) methods
widely used in practice. Since then, the entropy regularization
technique has been applied to a large set of other RL
algorithms including actor-critic [2], [3], Q-learning [4], [5]
and trust-region policy optimization methods [6]. It has also
been demonstrated to work well with deep learning approx-
imations to achieve an impressive empirical performance
boost. Nevertheless, the theoretical understanding of the
convergence of these algorithms has been rather limited and
mostly restricted to the exact gradient setting.

The theoretical understanding of policy-based methods has
received considerable attention recently [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19]. Several techniques
have been developed to improve standard PG and achieve a
linear convergence rate, such as adding entropy regularization
[10], [71, [8], [11], exploiting natural geometries based on
Bregman divergences leading to NPG or policy mirror descent
[9], [8], [11], and using a geometry-aware normalized PG
(GNPG) approach to exploit the non-uniformity of the value
function [20]. However, these advantages have mostly been
established for the true gradient setting and it is not fully
understood whether any geometric property can be exploited
to accelerate convergence to global optimality in inexact
gradient settings. For the stochastic policy optimization, the
existing results have mostly focused on policy mirror ascent
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methods with the goal of reducing the stochastic analysis
to the estimation of the Q-value function [11], [8], as well
as incorporating variance reduction techniques to improve
the sample complexity of the vanilla PG [21], [22]. In
particular, it is proven in [11] that the NPG with the entropy
regularization has a sample complexity of (5(5%) where the
inexactness of the gradient can be reduced to the inexactness
of the state-action value functions. For NPG without any
regularization, it has been shown that the noise introduced
by stochastic gradients will incur a positive probability of
failure as empirically observed in [23] and later proved in
[24]. However, the literature on the optimality convergence
and the sample complexity of the most fundamental PG,
namely REINFORCE and its variants with regularizations, is
still limited, despite its simplicity and popularity in practice.
It remains open whether a local optimality convergence result
and a low sample complexity can be obtained for the PG
with entropy regularization in the practical stochastic gradient
setting.

In this paper, we provide an affirmative answer to the
above question. In particular, we revisit the classical entropy
regularized (vanilla) policy gradient method proposed in the
seminal work [1] under the soft-max policy parametrization.
We focus on the modern trajectory-level entropy regularization
proposed in [5], which is shown to improve over the original
one-step entropy regularization adopted in [1], [2] and [4].
In particular, we begin by proposing an unbiased estimator
for the new entropy regularized stochastic PG. It is the
first likelihood-ratio-based estimators in the literature with a
trajectory-level entropy regularization. We show that although
the estimator itself is unbounded in general due to the entropy-
induced logarithmic policy rewards, the variances indeed
remain uniformly bounded. We then establish that with a
good initial policy, stochastic entropy-regularized vanilla PG
method enjoys a sample complexity of @(6%) for the local
optimality convergence under the softmax parameterization.
We also stress here that this is a “last iterate” convergence
guarantee; neither ergodic, nor of a mean-squared gradient
norm type. This is crucial for real-world applications because,
in practice, stochastic PG training is based on the last
generated point.

A. Notation

The set of real numbers is shown as R. u ~ U/ means
that v is a random vector sampled from the distribution
U. We use |X| to denote the cardinality of a finite set X.
The notions E¢[-] and E[-] refer to the expectation over the
random variable ¢ and over all of the randomness. The notion

Authorized licensed use limited to: Univ of Calif Berkeley. Downloaded on September 28,2024 at 18:05:34 UTC from IEEE Xplore. Restrictions apply.



Var[-] refers to the variance. A(X) denotes the probability
simplex over a finite set X. For vectors z,y € R?, let |z,
|z|2 and ||x|| denote the ¢1-norm, ¢3-norm and £..-norm.
We use (x,y) to denote the inner product. For a matrix A,
the notation A > 0 means that A is positive semi-definite.
Given a variable z, the notation @ = O(b(z)) means that
a < C-b(x) for some constant C' > 0 that is independent of x.
Similarly, a = O(b(z)) indicates that the previous inequality
may also depend on the function log(z), where C' > 0 is again
independent of x. We use Geom(x) to denote a geometric
distribution with the parameter x.

II. PRELIMINARIES

Markov decision processes. RL is generally modeled as
a discounted Markov decision process (MDP) defined by a
tuple (S, A,P,r,v). Here, S and A denote the finite state
and action spaces; P(s'|s,a) is the probability that the agent
transits from the state s to the state s’ under the action a € A;
r(s,a) is the reward function, i.e., the agent obtains the
reward r(sp,ap,) after it takes the action ay, at the state sy,
at time h; v € (0,1) is the discount factor. Without loss of
generality, we assume that r(s,a) € [0,7] for all s €S and
a € A. The policy 7(als) at the state s is usually represented
by a conditional probability distribution 7y (als) associated
to the parameter 6 € R%. Let 7 = {s¢,a9,51,a1,...} denote
the data of a sampled trajectory under policy my with the
probability distribution over the trajectory as p(7|0,p) :=
p(50) [1r21 P(sn+1lsn, an)ma(an|sy), where p € A(S) is the
probability distribution of the initial state sg.

Value functions and Q-functions. Given a policy 7, one
can define the state-action value function Q™ : S x A > R as

[i V"7 (sn, an)

h=0

Qﬂ-(sv a’) = Eah~7r(-\sh)

sh+1~P(|sn,an)

S0 = S,ap = a] .

The state-value function V™ : § — R and the advantage
function A™ : S x A - R can be defined as V™(s) :=
Eaur(s)[Q7(5,a)], A™(s,a) = Q"(s,a) = V™(s). The
goal is to find an optimal policy in the underlying policy
class that maximizes the expected discounted return, namely,
maxgera V™ (p) := Esy~p[V™ (s0)]. For the notional conve-
nience, we will denote V™ (p) by the shorthand notation
V2 (p).

Exploratory initial distribution. The discounted state
visitation distribution df is defined as df (s) = (1 -
Yo" P(s, = s|so,m), where P(s;, = s|sg, ) is the
state visitation probability that s; is equal to s under the
policy 7 starting from the state so. The discounted state
visitation distribution under the initial distribution p is defined
as d(s) = Egyp[d5, (s)]. Furthermore, the state-action
visitation distribution induced by 7 and the initial state
distribution p is defined as v} (s, a) := dj(s)m(als), which
can also be written as vy (s, a) = (1=7)Esy~p Lpl0 VP (sp, =
s,ap, = alsp, ), where P(s = s,ap = alsg, ) is the state-
action visitation probability that s;, = s and a;, = a under 7
starting from the state sy. To facilitate the presentation of the
main results of the paper, we assume that the state distribution

2

p for the performance measure is exploratory [10], [13], i.e.,
p(+) adequately covers the entire state distribution:

Assumption 1: The state distribution p satisfies p(s) > 0
for all seS.

In practice, when the above assumption is not satisfied,
we can optimize under another initial distribution y, i.e., the
gradient is taken with respect to the optimization measure f,
where p is usually chosen as an exploratory initial distribution
that adequately covers the state distribution of some optimal
policy. It is shown in [7] that the difficulty of the exploration
problem faced by PG algorithms can be captured through the

T
parzh

distribution mismatch coefficient defined as ‘ ;

, where
o0

% denotes component-wise division.

Soft-max policy parameterization. In this work, we
consider the soft-max parameterization — a widely adopted
scheme that naturally ensures that the policy lies in the
probability simplex. Specifically, for an unconstrained pa-
rameter 6 € RISIMI, 74 (als) is chosen to be %.
The soft-max parameterization is generally used for MDPs
with finite state and action spaces. It is complete in the
sense that every stochastic policy can be represented by this
class. For the soft-max parameterization, it can be shown
that the gradient and Hessian of the function logmy(als) are
bounded, i.e., for all 0 € R‘S”“‘”, s€S8 and a € A, we have:
|V logmg(als), <2, ||V2 10g7m(a|8)||2 <1

RL with entropy regularization. Entropy is a commonly
used regularization in RL to promote exploration and discour-
age premature convergence to suboptimal policies [5], [25],
[26]. In the entropy-regularized RL (also known as maximum
entropy RL), near-deterministic policies are penalized, which
is achieved by modifying the value function to

Vi'(p) = V7™ (p) + AH(p,T), )

where A > 0 determines the strength of the penalty and
H(p, ) stands for the discounted entropy defined as

H(p,7) = Eggmprasmr(lst) Z —'log m(ag|s:) |-
st+1~P(s¢,a¢) Lt=0

Equivalently, V' (p) can be viewed as the weighted value
function of 7 by adjusting the instantaneous reward to be
policy-dependent regularized version as (s, a) = 7(s,a) -
Alogm(als), for all (s,a) € S x A. We also define V()
analogously when the initial state is fixed at a given state
s € S. The regularized Q-function ()5 of a policy 7, also
known as the soft ()-function, is related to V" as (for every
seSand ae A)

Q3 (s,a) =r(s,a) +YEgopisa) [VN (s)],
Vi (5) = Eaurys) [FAlogm(a | s) + Q3 (s,a)].

Bias due to entropy regularization. Due to the presence
of regularization, the optimal solution will be biased with the
bias disappearing as A — 0. More precisely, the optimal policy
my of the entropy-regularized problem could also be nearly
optimal in terms of the unregularized objective function, as
long as the regularization parameter A is chosen to be small.
Denote by 7* and 7} the policies that maximize the objective
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function and the entropy-regularized objective function with
the regularization parameter A, respectively. Let V'* and V'
represent the resulting optimal objective value function and
the optimal regularized objective value function. [11] shows
a simple but crucial connection between 7* and 7} via the
following sandwich bound:

. . o AloglA
VT (p) <V (p) <V A<p>+f'7',

which holds for all initial distribution p.

III. STOCHASTIC PG ESTIMATORS

The PG method is one of the most popular approaches for
a direct policy search in RL [27]. The uniform boundedness
of the reward function r implies that the absolute value of the
entropy-regularized state-value function and Q-value function
are bounded. )

Lemma 1 ([10]): V{(s) < T84 and Qf(s,a) <
%‘fl“‘u for all (s,a) €S x A and 6 € RISIMI,

Under the soft-max policy parameterization, one can obtain
the following expression for the gradient of VY (s) with
respect to the policy parameter 6:

Lemma 2 (Proposition 2 in [28]): The entropy regular-
ized PG with respect to 6 is

vV (p) = ©)
1

EES’MU?Q [Vo log o (als) (Qi(& a) - Alogmg(a | 3))] )

where

Ologmy(als) _ |-mo(a’ls")ma(als),
08y o mo(als) — mo(als)mg(als),

Furthermore, the entropy regularized PG is bounded, i.e.,
|VVY(p)| < G for all p € A(S) and 6 € RISIMI " where
G = 2(r+AloglA|)
(1-7)2

In order to obtain an unbiased sample of VVY(p), we
need to first draw a state-action pair (s,a) from the dis-
tribution Vg"(~,~) and then obtain an unbiased estimate
of the action-value function Qf(s,a). For the standard
discounted infinite-horizon RL setting with bounded reward
functions, [29] proposes an unbiased estimate of the PG
using the random horizon with a geometric distribution
and the Monte-Carlo rollouts of finite horizons. However,
their result cannot be immediately applied to the entropy-
regularized RL setting since the entropy-regularized instan-
taneous reward 7(s,a) — AMogm(als) could be unbounded
when 7(a|s) — 0. Fortunately, we can still show that an
unbiased PG estimator with the bounded variance for the
entropy regularized RL can be obtained in a similar fashion
as in [29]. In particular, we will use a random horizon
that follows a certain geometric distribution in the sampling
process. To ensure that the condition (i) is satisfied, we will
use the last sample (sg,ay) of a finite sample trajectory
(s0,a0,81,a1,...,SH,am) to be the sample at which Qi(-, )
is evaluated, where the horizon H ~ Geom(1 —~). It can be
shown that (sg,am) ~v;°(s,a). Moreover, given (su,am),

(s',a") # (s,a),

(s',a) = (s, 0).

3

we will perform Monte-Carlo rollouts for another trajectory
with the horizon H' ~ Geom (1 - A1/ ?) independent of H,
and estimate the advantage function value Qf)\(s, a) along the
trajectory (sg,aq,--.,Sy/) With s = s,aq = a as follows:

A~ H’
Q% (s.a) =r (s, ap) + 37" (7 (s},a;) = Mogmo(a'ls")).
t=1
3

The subroutines of sampling one pair (s,a) from v (-, ),
estimating Q4 (s,a), and estimating V() are summarized
as Sam-SA and Est-EntQ in Algorithms 1 and 2, respectively.

Algorithm 1 Sam-SA: Sample for s,a ~ v (:,-)

1: Inputs: p, 6,~.

2: Draw H ~ Geom(1 - 7).

3: Draw sg ~ p and ag ~ 7 (+|s0)

4: for h=1,2,...,H-1do

5. Simulate the next state sp,1 ~ P(:|sp,an) and action
an+1 ~ o, (*8h+1)-

6: end for

7: Outputs: sg,ap.

Algorithm 2 Est-EntQ: Unbiasedly estimating entropy-
regularized Q function
1: Inputs: s,a,v, A and 6.
2: Initialize sg < s, a0 < a,Q « r(s0,a0)-
3; Draw H ~ Geom(1 —~'/?).
4: for h=0,1,...,H-1do
5. Simulate the next state sp+1 ~ P(-|sp,an) and action
Ap+1 ™~ 779(’|5h+1)~
6:  Collect the instantaneous reward 7 (Spi1,Gh41) —
):logm(amﬂshﬂ) and add to the value Q: Q «
Q + D2 (v (spy1, ans1) - Nog mo(ansi|sns1)),
7: end for
8: Outputs: Q.

We then propose the following stochastic estimator:

VY (p) = 4)

%Velogﬂe(amsm (Q% (s am) - Mogmg(am | 1)),
where sy, ag < Sam-SA(p,6,v) and Qi is defined in (3).
The following lemma shows that the stochastic PG (4) is an
unbiased estimator of VV{(p).

Lemma 3: For VV{(p) defined in (4), we have
E[VVY(p)] = VVY ().

The next lemma shows that the proposed PG estimator
@Vf (p) has a bounded variance even if it is unbounded when
my approaches a deterministic policy.

Lemma 4: For VV{?(p) defined in (4), we have

- 7> +(Alog|A])?
Var[VVY (p)] < 0%, where 0% = =55 ( ;1(_752')2‘) )
In practice, we can sample and compute a batch of
independently and identically distributed PG estimators

{(VV{(p)}E, where B is the batch size, in order to
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reduce the estimation variance. To maximize the entropy-
regularized objective function (1), we can then update the
policy parameter 6 by iteratively runmng gradient-ascent-
based algorithms, i.e., O;1 = 0; + & Zl 1 VVG *(p), where
ny > 0 is the step size. The detalls of the unblased PG
algorithm with a random horizon for the entropy-regularized
RL are provided in Algorithm 3.

Algorithm 3 Ent-RPG: Random-horizon PG for Entropy-
regularized RL

1: Inputs: p, A, 61, B, T, {n:}_;.

2. fort=1,2,...,7 do

3 fori=12,...,Bdo

4: SH,» O, <—SamSA(p, Gt,’y)

5: Gt ! « Est- -EntQ(s;,, @y, 07, ).

6: end for

70 O o« 0 + (IT’W 2?1 [V@ log mg, (aly, s%,)

(Qet’ )\logﬂet(sm |aHt))]
8: end for
9: Outputs: 0.

IV. REVIEW: LINEAR CONVERGENCE WITH EXACT PG

A key result from [10] shows that, under the soft-max pa-
rameterization, the entropy-regularized value function Vf (p)
in (1) satisfies a non-uniform Lojasiewicz inequality as
follows:

Lemma 5 (Lemma 15 in [10]): It holds that

[9VE()]2 > CO)VE (o) - Vi),

where

w -1
T

e

c(0) =

mlnp(s) mlnmg(a|s)2

2A
El .

Furthermore, it is shown in [10] that the action probabilities
under the soft-max parameterization are uniformly bounded
away from zero if the exact PG is available.

Lemma 6 (Lemma 16 in [10]): Using the exact PG with
the learning rate m;=7 < % for the entropy regularized
objective, it holds that inf;»; ming , 7, (als) > 0.

Remark 1: Note that with the exact PG ,
infy51 ming 4 g, (als) is only dependent on the initialization
6, and step-size n (apart from problem dependent constants).
Hence hereafter we denote cg, ,, = inf;>1 min, 4 g, (als).

With Lemmas 5 and 6, it is shown in Theorem 6
of [10] that the convergence rate for the entropy regu-
larized PG is O(e‘Ct), where the value of C' depends
on infysy ming,mg, (als) > 0 and {6,};2; is generated
by the exact PG method. With a bad initialization 6,
min, , 7g, (als) could be very small and result in a slow
convergence rate. When studying the stochastic PG, this issue
of bad initialization will create more severe challenges on
the convergence and finding a good initial policy becomes
critical. However, even with a good initial policy, it remains
unknown whether the stochastic policy gradient with the
entropy regularization will guarantee the convergence and
how to characterize the region for the good initial policy.

4

V. UNIFORMLY BOUNDED ACTION PROBABILITIES GIVEN
A GOOD INITIALIZATION

In this section, we will show how to utilize the curvature
information around the optimal policy to guarantee that the
action probabilities will still remain uniformly bounded with
high probability. We denote D(6;) = V! “(p) - V;) *(p) as the
sub-optimality gap between VY "(p) and V/\‘9 t(p).

Lemma 7: Given a tolerance level ¢ > 0, let 7y be the
optimal policy of VY (p). Assume further that Algorithm 3
is run for T iterates with a step-size sequence of the form
n: = 1/(t + tp) and a batch-size sequence B > ni for all

t=1,2,....,7T.If to > ?’L and 7, is initialized in a
neighborhood U; such that

26
Uy = {m e A : D(r) < e}, (5)
Aming p(s) 2 _F 4
2 ) (aexn()) »1} and
the constant « € (0, 1), then the event

where ¢

min{(

Qg,l = {minﬂgt(a|s) > (1-a)minmy(als),vt=1,...,T }
Q)
occurs with probability at least 1 — /6.

A. Helpful lemmas

Since the optimal policy of (1) is unique [11], there must
exist a continuum of optimal solutions ©* defined as

(0" e eXp(9§ )

RISIAL
Yo exp(07 )

=mi(al|s),VseS,ac A}

In addition, we use 7w« and 7 interchangeably to denote
the optimal policy of the entropy-regularized RL.

Lemma 8: Suppose that f(x) is L-smooth. Given 0 < 7; <
7 forall £ > 1, let {z,}7; be generated by a general update

of the form zy41 = z¢ + myuy and let e, = uy — Vf(x;). We
have
T]t
f(z441) >f(xt)+ I t”z || t”z
Proof. Since f(f) is L-smooth, one can wrlte
f($t+1) - f(ft) - (Ut79€t+1 - CUt)

=f(@e41) = f(2e) - (Vf(l’t) Tgp1 — Tt)

+(Ve(V (@) = we)y —= (41 — 7))

\/_

A -t L CA R I PARRPY &
-2 2 2b 2
1 L 2 b
(g = ) e —aul} = el

where the constant b > 0 is to be determined later. By the
above inequality and the definition of x;.1, we have

1
F(@em) 2f (@) + (e, @oan —0) = (5 + =) | @0s1 — ]2
b77t
lesls
Ln bn
=f (@) + e Jue]? —(* =) |u tHz a t\|2~

2b
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By choosing b =1 and using the fact that 0 < n; < 2L, we
have

e L t2 t
f(@en) 2f (@) + ("— -5 \Iut\li -2 lel
>f($t) +

This completes the proof.

2
HutHQ ”etH2-

]

To prove Lemma 7, we first characterize the maximum
amount by which D(6;) can grow at each step.
Lemma 9: Suppose that {6} is generated by Algorithm 3

1
with 0 <y < m for all ¢ > 1. We have

D(0111) < (1 ) m04<9t>

) D) - R % el )

where & = (e1, TV () and e = TV (p) - TV ().
Proof. Since VV{(p) is L-smooth in light of Lemmas 7 and
14 in [10], it follows from Lemma 8 that

D(9t+1)—D(9t)
<= 2TV + % lerl
<- vv9f(p) VVG*(p)-FVVGt(P o+ 2 Het\li
== L9V (p) - vV ()] - V"*(p I;
%< v9f<p>>+5uetn§

LNV (), = Tler TVR () + Z el

)D<0>——<et, T + el

C (0
a 4
for every n; < 5 L, where the last inequality is due to Lemma
5. O

The quantity by which D(6;) can grow at each step
can be large for any given ¢ but we will show that, with
high probability, the aggregation of these errors remains
controllably small under the stated conditions on the step-
sizes and batch size. The difficulty of controlling the errors in
D(6;) lies in the fact that C'(6;) may be close to 0. Because
of this, we need to take a less direct, step-by-step approach to
bound the total error increments conditioned on the event that
D(6,,) remains close to D(6*). Similar as the techniques
used in [30], [31], [20], [32], [33], we now encode the error
terms in (7) as M,, = 312 ;& and Sy, = Y1 2 ey Hg . Since
E[&.] =0, we have E[M,, ] = M,,_1. Therefore, M,, is a zero-
mean martingale; likewise, E [S,,] > S,,—1, and therefore S,,
is a submartingale. We begin by introducing the “cumulative
mean square error” R, = M2+ S,,. By construction, we have

2 1 2
Rn = (Mn—l + nngn) + Sn—l + Znn ||€n”
1 2
= Rn—l + 2Mn—1nn§n + 77353 + Enﬂ ”en H .

Hence, E[R,] = R,_1 + 2M,_1n,E[&] + n2E[&2] +
%nnE[Hen ||2] > R,_1, i.e., R, is a submartingale. With a

5

fair degree of hindsight, we define U/ as:

U= {WGA(A)‘Sl : D(m) £2eo+\/5}. (8)

To condition it further, we also define the events

Qn =Qp(eg) ={mg, eU forall t=1,2,...,n}
E,=FE,(e)={Ri<e forall t=1,2,...,n}

By definition, we also have 0y = Ey = Q) (because the set-
building index set for k is empty in this case, and every
statement is true for the elements of the empty set). These
events will play a crucial role in the sequel as indicators of
whether g, has escaped the vicinity of 73.

Let the notation 1, indicate the logical indicator of an
event A ¢ Q, ie, 1y(w) =1 if we A and 14(w) =0
otherwise. For brevity, we write F,, = o(61,...,6,) for the
natural filtration of 6,,. Now, we are ready to state the next
lemma.

Lemma 10: Let ) be the optimal policy. Then, for all
ne{l,2,...}, the following statements hold:

1) Q,,1¢Q, and E, ;1 € E,.
2) Eno1 € Q.
3) Consider the “large noise” event
E,=E, \\E,=FE,_1n{R, >¢}
={Ri<e forall t=1,2,...,n-1and R, > €}

and let Rn = R,1g, , denote the cumulative error
subject to the noise being “small” until time n. Then,

E [Rn] < - EQP (En—l) .
©)

E[R, o’

4B

] +G?0? 77n

By convention, we write Ey=o and Ry =0
Proof. Statement 1 is obviously true. For Statement 2, we
proceed inductively:

« For the base case n = 1, we have ; = {mp, €U} 2
{mo, eUr} = O because 7y, is initialized in U; € U.
Since Ej = €2, our claim follows.

« For the inductive step, assume that F,,_; ¢ €, for some
n > 1. To show that E,, ¢ ,,1, we fix a realization
in E,, such that R; < e for all ¢t = 1,2,...,n. Since
E,, € E,_1, the inductive hypothesis posits that €2,, also
occurs, i.e., mg, € U for all ¢ = 1,2,...,n; hence, it
suffices to show that 7, ,, € Y. To that end, given that
mp, €U for all t =1,2,...n, the distance estimate (7)

readily gives D(6;11) < D(0;) + & + " e, |5 for all

t=1,2,...,n. Therefore, after telescoping, we obtain

D(0p+1) <D(61) + My, + Sp, < D(01) +/Rn + R,
<e+\e+e
=2 + /e

by the inductive hypothesis. This completes the induc-
tion.
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For Statement 3, we decompose Rn as

R, =R,1g, ,
=R, 11p, , +(Ry— Rpn-1)1g,
~Roilp, , - Roalp  +(Rp-Ro1)lp,
=Rp1+(Ry-Rn1)lp, , - Ry alg, |

where we have used the fact that F,,_; = En_g\En_l SO
1p,,=1p,,-1p  (recall that E,_; < E,_5). Then, by
the definition of R,,, we have
1
Rn - Rn—l = 2Mn—1"7n§n + 777%5»3 + Znn HenH2
and therefore

E [(Rn - Rnfl) 1En,—1] = (10)

1
21E [Moa&ale, ]+ mE (€26, ]+ g [lea] 1, ]

However, since F,_, and M, _; are both F,,-measurable,
we have the following estimates:
o For the term in (10), by the unbiasedness of the
gradient estimator shown in Lemma 3, we have:
E [Mn—lgnlEnﬂ] =E [Mn—llEan [fn | ]:n” =
o The second term in (10) is where the conditioning on
E,,_1 plays the most important role. It holds that:

E[€1p, ] =E[1n, E[{en. vV () | F]]
<E[1m,, [V ()| E[lenl’ | 7]

0 ( Y12 2

<E[La, [V ()| E[llenl | 72 ]]

<G%o?
where the first inequality is due to the Cauchy-Schwarz
inequality, the second inequality follows from FE,,_1 €
2, and the last inequality results from Lemmas 2 and
4.

« Finally, for the third term in (10), we have:
77n0'2

In 2
TE[lenl31e,, )< an

Thus, putting together all of the above we obtain
E[(R,-Rn1)1lg, ] < G*o%n? +”ZB . Since R, 1 > ¢
if En_l occurs, we obtain E[Rn_ll n_l] > EE[lEn_l]
eP (En_l) . This completes the proof of Statement 3.

]

With the above results, we can show that the cumulative
mean square error R,, is small with high probability at all
times.

Lemma 11: Consider an arbitrary tolerance level § > 0. If
Algorithm 3 is run with a step size schedule of the form

ne = 1/(t +to) where to > /22 35 and a batch size schedule

Bt>—wehaveP(E)>1 6/6 forall n=1,2,.
Proof ‘We begin by bounding the probability of the “large
noise” event E = E,1\E, as follows:

P(E,) =P (En-1\Ey) =P (En1n{R, >e})
E[1m, ., % Lr>e]
E [1En—1 X (Rn/E)] =E [Rn] /67

IA

6

which is derived by using the fact that R, > 0 (so

1R, e} < Rn/e). Now, by summing up (9), we conclude
_ ~ > . -

that E [Rn] <E [RO] + 75 Lte1 M —E 2 P (Et_l) . Hence,

combining the above results, we obtain the estimate

o? o’T

where I' = Y72, 07 = ¥72,(t + to) ™, and we have used
the relations that Ro =0and Ey = @ (by convention). By

, We ensure that

choosing ¢ > L < 5/6; moreover,

25
since the events Et are dlSJOlIlt for all t=1,2,..., we
obtain P (Uj; Ey) = X1, P(E,) < §/6. Hence, P(E,) =
P(Np, E5) >1-5/6 as claimed. O

Furthermore, we can show that the entropy-regularized
value function V/\e (p) is locally quadratic around the optimal
policy my~.

Lemma 12: For every policy my, we have

D(G)Zth(cﬂs)—ww(aH)E, VseS,aeA.
n

Proof. Tt follows from the soft sub-optimality difference
lemma (Lemma 26 in [34]) that

VY (p) - Vi (p)

B (6) A D (| 9o | 9)]
2= N[ a0 gl 9) -0 ()]
zmizg[p(sy|we<-|s>—we*<-|s>|%]

255 Do) I )= 0| 9)15]

2 A (oo ) o ([ )3] Vses

LA ) 1) (a9 VseSac A

where the first inequality is due to Theorem 11.6 in [35]
stating that

D [PO) QO > 52— [P() - QO3

2In2

for every two discrete distributions P(-) and Q(-). Moreover,
the second inequality is due to d7°(s) > (1-)p(s) and the
third inequality is due to the equivalence between ¢;-norm
and /5-norm. This completes the proof. O

B. Proof of Lemma 7

Since the sequence €2,, is decreasing and €2,, 2 F,,_1 (by the
second part of Lemma 10), Lemma 11 yields that P (Qr) >
inf,, P(Q,) > inf,, P(E,-1) > 1 - §/6 provided that tq is
chosen large enough.

Now, it remains to show that Qp ¢ Qg’l. We fix a
realization in Q7 such that D(6;) < 2ey + /€y for all
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t=1,2,...,7. By Lemma 12, we have

76, (a ] s) —mo-(als)|

.| 2Dy 2 _ 2(2¢p +1/€0) In2
_\ Aming p(s) ~ Amin; p(s)
[ 62 -
g ﬂ_aexp(ir)gaminm*(ah)a
\ Aming p(s) (1-=m)A v

where the second inequality is due to the condition that the
event (J7 occurs, the third inequality is due to ¢y < /€
when ¢p < 1, the forth inequality is due to the definition
of €p, and the last inequality is due to Theorem 1 in [36]
where it holds that log 7} (a | s) = 5 (Q“§ (s,a) - V’fi(s)) 2
% V(s,a) e S x A.

Now, it can be easily verified that 7y, (a | $) > mg«(a |
s)—aming , mg«(a|s). Forevery t € {1,2,...,T},let 5,a =
argmin, , 7, (a | s). One can write

min g, (a|s) =g, (@ | §) 2 mg-(a| 5) — aminmg«(a | s)
s,a $,a
>(1 - a)minmg(al 3),
s,a

where the last inequality is due to 7(als) > ming , 7(als) for
every s € S and a € A. Thus, we obtain P (QZ,) > P (Qr) >
1-§/6. This completes the proof.

VI. LAST ITERATE CONVERGENCE

From Lemma 7, we know that, with a good initialization,
the policies will remain in the interior of the probability
simplex with high probability. We are now ready to prove
the “last iterate” convergence and the sample complexity of
the stochastic PG for entropy-regularized RL when a good
initilization is given.

Theorem 1: Consider an arbitrary tolerance level § > 0
and a small enough tolerance level e > 0. For initial point 6;
satisfying the condition (5), if 6,1 is generated by Algorithm
3 with

to€o O'QIH(T+t0) 1
T> 20 4y, B2 0 o
6oe 6C.0e T it
where
4
) Aming p(s) -7
= M S 1 12
€0 mm{( In2 ) (ae p(( ))\)) , }, (12)
302
to> ] 22, 13
0 S9en (13)
* _1
2 2 2 || dp”
Co = = min p(s)(1 — @) min g« (als) >0,
|S| s s,a
(14)

then we have P(D(67,1) < ¢) > 1 - 4. In total, it requires
@(5‘2) samples to obtain an e-optimal policy with high
probability.

Proof. When D(61) < €, it follows from Lemma 9 that

D(0r) < (1 _ "tciet))D<e )= T+ e,

7

for all ¢ > Ty, where & = (et,VVf‘(p)). When D(6;) < €,
from Lemma 7 we know that the event Qfl’l defined in (6)
occurs and C(6;) > C,,, with high probability, where C., is
defined in (14). By taking the expectation, we have

Ui
2 el 1|
7
=E |:1QLIE I:—% ¢t + ﬁ H@tH ‘ft:l:l
77t0

[0y B[ % Jeul |ft]] <

where the first equality is because 2, .1 18 deterministic condi-
tioning on JF;, the second equality is due to the unbiasedness
of &; conditioning on F;, and the first inequality is due to (11).
Therefore, E[D(f;1)1q: ] < (1-2E=)E [D(et)l% 1] +

”“’ . Arguing inductively yields that
E[D(0r+1)1or ]
nZCoz )l 772'0—2
< D(6 1-
‘13( ) (01) + Z( 4B
T
i=1
By taking n; = m, we obtain that
A o K
E[D(0 1 < —— | D(0
)+ o%In (T+t0)
T+ t BC,

By the law of total probability and the Markov inequality,
we obtain that

P(D(0741) > €)
=P(D(Or+1) 2 €, )+ P(D(07:1) 2 €,(2% 1))
=P(D(01+1) > €] Qa,l)P( a,l)

+P(D(Or:1) 2 €| (1 1)HP((

< [D(9T+1)|Qa1]|:,(Q )

P

201)")

+ P(D(9T+1) 2> 61?2

E[D(0r+1)1or
< = +4/6

€
2
< to D(91)+U 1H(T+t0)
(T +tg)e BCge

where the second inequality follows from Lemma 7. To
guarantee P(D(0r.1) > €) < 3, it suffices to have T' =

toD(01) o2 In(T+to)
6d€ to, B = 6C0€

1))

+4/6,

. ThlS completes the proof. O

VII. CONCLUSION

In this work, we studied the convergence and the sam-
ple complexity of stochastic PG methods for the entropy-
regularized RL with the soft-max parameterization when a
good initial policy is given. We proposed a new unbiased PG
estimator for the entropy-regularized RL and proved that it
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has a bounded variance even though it could be unbounded. In
addition, this work provided the first “last iterate” convergence
result for stochastic PG methods for the entropy-regularized
RL and obtained the sample complexity of (5(6%), where €
is the optimality threshold. This work paves the way for a
deeper understanding of other stochastic PG methods with
entropy-related regularization, including those with trajectory-
level KL regularization and policy reparameterization. The
future direction includes proving the global convergence of
the stochastic PG methods for the entropy-regularized RL
with an arbitrary initial policy.
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